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Magnetic dipole moments as probes of doubly-bottom molecular
pentaquarks
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Abstract: We investigate the magnetic dipole moments of doubly-bottom pentaquark states with spin-parities

JP =1/2" and 3/2", interpreted as hadronic molecules in the BY,, BZ;, and B*Y, configurations. The analysis is con-
ducted within the framework of QCD light-cone sum rules employing photon distribution amplitudes. Our results

demonstrate a strong sensitivity of the magnetic dipole moments to the internal spin structure and quark composi-
tion of the states. Specifically, the light-quark sector provides the dominant contribution in the BX, configuration,
whereas the magnetic moment of BY; is largely governed by the heavy bottom quark. For the B*%, molecular state,

both light and heavy sectors contribute constructively, leading to a significantly enhanced magnetic dipole moment.

These findings indicate that magnetic dipole moments serve as a sensitive probe of the internal structure of molecu-

lar-type doubly-bottom pentaquarks and provide testable predictions for future experimental studies.
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I. MOTIVATION

The conventional quark model, which categorizes
hadrons as mesons (quark-antiquark pairs) or baryons
(three-quark states), is inadequate for explaining the ex-
istence of exotic hadrons, such as compact multiquark
configurations and hadronic molecules. These unconven-
tional states, which lie beyond the standard framework,
have become a major focus of modern hadron physics.
Over the past three decades, both experimental discover-
ies and theoretical advances have significantly intensi-
fied research efforts in this area. Notably, several hidden-
charm pentaquark states have been discovered, including
the P.(4380), P.(4440), P.(4457), P.(4312), P.,(4459),
and P.(4338) [1—4]. Since these states contain at least
five quarks (such as ccudd or ccuds), they are strong can-
didates for classification as hidden-charm pentaquarks. In
2021, the LHCb Collaboration further reported the obser-
vation of the first doubly-charm tetraquark, 7} (3875), in
the D°D%x* invariant mass spectrum [5, 6]. The simplest
quark model interpretation of this state is a cciid config-
uration with quantum numbers J” = 1. Following these
experimental breakthroughs, a variety of theoretical mod-
els have been proposed to explain the structure and prop-
erties of these exotic states. These include interpretations
as compact multiquark states, hadronic molecules, or
even manifestations of kinematical effects [7—22]. Never-
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theless, despite significant progress, the internal substruc-
tures and precise quantum numbers of these multiquark
states continue to pose fundamental challenges in high-
energy hadron physics.

The discovery of the T} (3875) tetraquark state opens
anovel avenue for the search for states beyond conven-
tional hadrons. If 7/(3875) is indeed a genuine doubly-
charm tetraquark, then by analogy, one may expect the
existence of doubly-bottom pentaquark states as well.
This reasoning mirrors the approach taken to predict hid-
den-charm pentaquarks based on the discovery of hidden-
charm tetraquarks. In the absence of experimental evid-
ence for doubly-bottom pentaquarks, it is imperative to
understand the underlying reasons behind their apparent
non-observation. To this end, several theoretical investig-
ations have been conducted to explore the possible exist-
ence and properties of doubly-charm/bottom pentaquark
states [22—38]. These studies generally suggest that the
doubly-bottom pentaquarks lie below the relevant
meson—baryon thresholds, making the formation of
bound states feasible. Compared to doubly-charm sys-
tems, doubly-bottom pentaquarks are anticipated to be
heavier. However, due to the complex dynamics of multi-
quark systems, their actual mass may be reduced, making
it difficult to distinguish them from conventional baryons
based on mass alone. Therefore, studying other character-
istics—particularly their electromagnetic properties—can
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offer essential insights into their underlying structures.

The electromagnetic multipole moments are measur-
able quantities that can provide crucial insights into the
internal quark-gluon structure and dynamics of hadronic
states. Specifically, in photo- and electro-production pro-
cesses, the magnetic dipole moments (MDMs) of had-
rons play an essential role in shaping both the total and
differential cross sections. As such, determining the
MDMs of hadronic states is vital for understanding their
internal configuration. Although the -electromagnetic
properties of hadrons have received less attention com-
pared to their mass spectra, production mechanisms,
quantum numbers, or decay channels, recent years have
seen growing interest in these observables. This is espe-
cially true for exotic states with ambiguous internal com-
positions, where electromagnetic characteristics can serve
as critical probes [39—68]. In this work, we use the QCD
light-cone sum rule (LCSR) method to compute the
MDMs of the B¥Z{” states, considering them as molecu-
lar configurations: BX,, B*Y,, and BX;, with quantum
numbers  I(JP)=1/2(1/27), I1(JP)=1/23/27), and
I(J?)=1/2(3/27), respectively. Among the available
tools for calculating non-perturbative QCD quantities,
LCSR stands out for its efficiency and reliability [69—71].
Within this framework, the correlation function is calcu-
lated from two complementary perspectives: the hadron-
ic representation and the QCD (operator product expan-
sion) side. By matching these two sides using the quark-
hadron duality principle, one derives sum rules for the
MDMs at the hadronic level.

The structure of this paper is as follows. Following
the introduction, Section II develops the theoretical form-
alism for MDMs of the BY,, B*Y,, and BY; pentaquark
states. Section III then provides the numerical analysis
and results. Finally, Section IV concludes with a sum-
mary of the main findings.

II. FORMALISM

The QCD light-cone sum rules for the magnetic di-
pole moments (MDMs) of the spin-1/2 and spin-3/2
doubly-bottom pentaquarks, P, (J*=1/2") and P;,
(J¥ =3/27), respectively, can be derived from the analys-
is of correlation functions evaluated in the presence of a
weak external electromagnetic field, denoted by 7.

M(p.q) =i / Exe O {7 T )} [0),. (1)

() =i [ aser o (@I 0o, @)

where JP»(x) and T (x) represent the interpolating cur-
rents associated with the respective states. The explicit
forms of these currents, which are crucial for our analys-
is within the QCD light-cone sum rule framework, are

provided by the following expressions [36]:

TP (x) = % | B0 - \/g B W50, ()
1) = % | B (0= () — \/g | B~ (0% (), (4)
TP = % | BY(0)Zy(x)) — \@ | B~ (0Z;(x),  (5)

where

B (x) = it (0)iysb” (x), (6)

B%(x) = —d’ (x)iysb" (x), (7)

B (x) = & (x)y,b" (), ®)

B(x) = =d"(x)y,b" (), ©)

900 = £ u” (X)Cy,d” oy ysb* (x) (10)

%5 (x) = U () Cyu’ (xyy"ysh* (x) (11)

20(x) = £ u” (x)Cy,d” (X)b* (x) (12)

T (x) = U (X)Cyul (x)b°(x). (13)

Combining the spin of the open-bottom meson with
that of the singly-bottom baryon, the S-wave B¥Z{” sys-
tems accommodate, with negative parity throughout, the
spin assignments BY, — J¥ =1/2", BY; —3/27, B'S, —
1/2-®3/27, and B*'Y; — 1/2-®3/2"®5/2". In this work,
we analyze the BZ,(1/27), BX;(3/27), and B*%,(3/2")
states, while the spin-1/2 partner of B*Y, and the entire
B*Y; multiplet are excluded. This restriction is due to
technical considerations detailed below and does not re-
flect any physical preference among the states.

Within the light-cone sum rule framework, the mass
and residue of the state under study are external, two-
point inputs for the magnetic dipole moment [cf. Eq.
(52)]. For the spin-1/2 member of B*Y, and the members
of the B*Y; family, these spectroscopic parameters have
not been determined in the study whose mass and residue
predictions we adopt [36]. In the absence of these inputs,
the corresponding sum rules cannot be evaluated. Once
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such masses and residues become available, the electro-
magnetic multipole moments of these states can be ob-
tained following the procedure presented here.

For the highest-spin member, B*Y; with J'=5/2", a
further difficulty arises specific to the electromagnetic
analysis, which has no counterpart in the mass calcula-
tion. To the best of our knowledge, a consistent electro-
magnetic vertex and multipole decomposition for a spin-
5/2 interpolating current has not been established.
Moreover, a spin-5/2 current couples not only to the
spin-5/2 ground state but also to lower-lying spin-1/2
and spin-3/2 states. Identifying the appropriate independ-
ent Lorentz structures at the photon vertex and systemat-
ically removing these lower-spin admixtures—a step far
more demanding than in the mass sum rule—constitutes a
separate and nontrivial challenge that would compromise
the reliability of the extracted moments. This obstacle is
independent of the availability of spectroscopic paramet-
ers, so the spin-5/2 case remains beyond the scope of the
present study.

_ 01| Py(py5))

Finally, we emphasize that these omissions do not af-
fect the central observation that the magnetic dipole mo-
ments are strongly sensitive to the internal spin structure
of the states. The three configurations analyzed here
already couple the constituent spins in distinct ways and
yield markedly different magnetic moments—including a
change of sign between the BX; and B*Y, states—which
in itself establishes the pronounced dependence of the
moment on the spin-flavor arrangement. The inclusion of
the omitted states, once feasible, would provide addition-
al data points and can only enrich this pattern rather than
modify the qualitative conclusion.

Following the QCD light-cone sum rule approach, the
correlation function is initially represented in terms of the
hadron’s physical parameters. To achieve this, a com-
plete set of hadronic states sharing the same quantum
numbers as the interpolating currents J™»(x) and Ju" (%)
is inserted into the correlation function. Using the disper-
sion relation, the correlation functions can then be ex-
pressed as:

(Po(p+4.5) | T#(0)|0)

m"(p, Pu(p,s) | Pu(p+q,s - 14
(r.q) 7, ] (Poo(p,8) | Poo(p+4,9))y [(p+qy -, ] (14)
P =P
. O ") | Ppyp(p, ), . . (Ppp(p+q,5)1J,"(0) ] 0)
[THad _ u bb p p bb . 1
o (P>q) (02— | (Ppp(p,$) | Po(p+4,5)y (r+aF—n, | + (15)
For the continuation of the calculations, the matrix =P _

; Po(p+q,) 1 T (0)|0) = Ap, ¥(p +4,5)¥s, 17
elements introduced in Egs. (14) and (15) are necessary. Poulp+ 491 TON0) = A, V(P + 4. )75 (1n
These elements can be expressed in terms of hadronic
parameters as follows [72—74]: O1I5"(x)| Pyy(p, s)) = A, 1P, 8), (18)

01750 | Pop(p, ) = Apy, ¥sv(p, 9), (16) N
(Ppp(p+4q,5)1J,"(0)]10) = Ap; i,(p+q,5), 19)
_ 2 2 » 2r+q),
(Ppp(p,5) | Ppp(p +q,5)), = 'V(p,s) | [fi(q)+ flg)]y. + folq )T v(p+q,s), (20)
Py,
. . _ o o 9¢44
(Piy(p:8) | PP+ 4.5))y = —ia(p, ) {F 1(@e"d - - [Fa(q))g™ 44+ Fulg)) (2’”1’;,,)2]
2 @
PG G ' 0.5, ey

where v(p+gq,s) and u,(p,s) denote the spinors associ-
ated with the P,, and P}, states, respectively. The quant-
ities Ap, and Ap. represent the corresponding pole
residues. Furthermore, fi(¢?) and Fi(¢*) denote the form

factors governing the respective transition amplitudes.
Using the relations above, the hadronic representa-

tion of the correlation functions related to the magnetic

dipole moments (MDMs) can be expressed as follows:
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‘9‘175 (Iﬁ + meb)
(p? —mp, (P +q)P —mp,

Had — 72
™*(p,q) = 4p,,

IL(p,q) = = 43 W+ mr,) !

" [(p+q)? = mip, 1[p? = mip |

| {[fl (@) + L))+ ()

{gua - §7u70

2p+
@O (31 g4, )y (2)
szbb
_ 2pﬂpw PuYa — PaYu }
2
3 mP;b 3 mpzb

2N By 1 2N af F4(qz) @ F3(q2) @
AR s R G St « 5 )

1 20+ 9P+ )y 0+ 9pyy— P+ 9y,
X+ dme,) g~ Sy~ LT DA b d) (23)
3 3mPZb 3mp;,
The expressions in Egs. (22) and (23) are derived by _
. . . . , ,8) = , 24
inserting complete sets of hadronic states and summing Z:v(p VP, ) =P+ me, 4
over spins. For the spin-1/2 case, the Dirac spinor sum-
mation formula is applied, whereas for the spin-3/2 case,
the Rarita—Schwinger spinor summation is utilized. The Z V(P +q, )W (P +q.5) = p+d+mp,, (25)
pertinent summation formulas are as follows: s
> (P, $)ita(p, $) = ~@p+mp; ){g .= 17 n—zl)"p" p”y”_p”y"'}, (26)
- H bb H 3 H 3 m%;h 3 mPZb
_ 1 2(p+9pp+q)y  (P+q@pyr—(p+9q)y
Zuﬁ(p+q,s)uv(p+q,s)=—(1/5+¢2+mp;b){gﬁv—§7ﬁ%— PrOPT Dy | DT DYy P TDWYS | 27)

3m3,. 3mp:
s Py, Py,

Substituting the polarization sums (24)—(27) into Egs.
(22) and (23), and applying the on-shell condition

2 2 . .
pr=my, m the spinor numerators, generates the expan-
bb

ded forms of the correlation functions. The spin-1/2 case
yields a concise expression with a limited number of
Lorentz structures:

/12
HHad(p’q) — Ppp
(p? =mp, [(p+q)* —mp,, ]

e i) + gty LA

nmpy,

{(ﬁ(cfﬂfz(cf))( ~2mp, ¢+2(& p)p—mp, dp—me, ¢4

(28)

The spin-3/2 case, in contrast, generates several hun-
dred Lorentz structures organized by the four form
factors Fi(¢?). These structures are systematically pro-
duced by the contraction of the two Rarita—Schwinger

projectors with the photon-vertex matrix element in Eq.
(23). Representative samples of these structures, grouped
according to the form factor to which they are proportion-
al, are as follows:
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A2,
Phy

[(p+q)* —mj. 1[p* —m3,. ]

*
bb

Had _
1L, (p.q) = -

4(e- 4(e- 4(e- A(g- o) 2
X{Fl(qz){ (5 P)Pypv_ (3 q)Pqu+ (8 p)quV_ (g C])PHCIV_ pﬂpqu_i_

3me, 3me,

o]
3meb 3meb 3mPZh

O B T Y 1 2 e VA ) O e T +}
L 3mp 3mp. 3mp, mp. 3mp,
[ EDrurvd (EDPud’a  puprdt, Pupy (@), PrdPq
+R@)| - 6m§ - 6m£ * 6Hm2 #- H6m4 #- 4m? RAN
- Py Py P, P, Py
[ (9 2 (P P G @? , (P pupr (@)
N I Znﬁpvq g 616m12pp q ¢_p,éivmzz P q61;:5 'R 29)
- Py Py P, P,

where the ellipses (---) indicate additional Lorentz struc-
tures of the same form, systematically generated by the
Dirac algebra and processed similarly. The complete, un-
abbreviated expression for I1%%(p,q), organized term by
term according to the form-factor sector Fi(g?), is
provided in Appendix C.1.

In principle, Eqgs. (28) and (29) offer the hadronic rep-
resentation of the correlation functions. However, before
proceeding with the numerical analysis, two technical as-
pects require attention. First, not all Lorentz structures
appearing in the spin-3/2 correlation function are lin-
early independent. Second, the interpolating current J,
for the spin-3/2 states also couples to spin-1/2
pentaquark states, and these unwanted contributions must
be eliminated. The coupling of J, to spin-1/2 states can
be parameterized through

O.(0)B(p,s = 1/2)) = (Ap, + By,)u(p,s = 1/2),  (30)

where 4 and B are constants. As evident from Eq. (30),
spin-1/2 contamination appears in structures proportion-
al to p, and y,. To eliminate these contaminations and
isolate the independent Lorentz structures in the spin-3/2
case, we adopt the gamma-matrix ordering y,p¢4y,, fol-
lowing [75, 76]. Within this ordering, terms beginning
with y,, ending with y,, or proportional to p, or p, are
discarded as spin-1/2 contamination. For the spin-1/2
case, no such contamination is present, and the ordering
#é4 is adopted to isolate the MDM contribution.

Reduction of the spin-1/2 correlation function. After
applying these procedures to Eq. (28), the spin-1/2 had-
ronic representation reduces to

2

A
HHad(p, ) — Py
O = m, M+ =i,

+ @) (=2}, 442 p)p—mn, 48
e b )+ | GD

] {(ﬁ(qz)

As an illustrative example of this reduction proced-
ure, consider the coefficient of y, in the bracket of Eq.
(28), multiplied by &‘. The relevant Dirac structure is
Ys@+mp,)d@+g+mp,)ys. Using {ys,y,} =0 together
with %=1, this expression reduces to (p—mp,, )§¢x
@#+4¢—mp,). Expanding the product and applying the
identity p¢ = 2(e- p) —¢p, one obtains the four independ-
ent Lorentz structures appearing in Eq. (31): 2(e-p)p,
—mp,, ¢, —mp,d¢, and pgg. The remaining
H(@*) (e p)(mp,, §—pg)/mp, contribution in Eq. (28) is
processed analogously and reduces to the same set of in-
dependent structures, generating the overall combination
fi(@) + f2(q%) as the coefficient of pg4.

Reduction of the spin-3/2 correlation function. For
the spin-3/2 case, the reduction is organized into four
successive stages, each documented in detail in Ap-
pendix C: (i) substitution of the polarization sum (27) in-
to Eq. (23) and imposition of the on-shell condition
pr= mfa;b, yielding the unreduced expression in Ap-
pendix C.1; (ii) imposition of the real-photon kinematic
conditions ¢* =0 and &-¢ =0, yielding the gauge-fixed
expression in Appendix C.6; (iii) application of the
gamma-matrix ordering y,¢gy, and removal of the spin-
1/2 contamination, yielding the expression in Appendix
C.7; and (iv) projection of the resulting expression onto
the four linearly independent Lorentz structures g,,#¢4,
8wdd, quq-44, and (g-p)quq,p¢, documented in Ap-
pendix C.8. To ensure this procedure is transparent and
reproducible, we detail below the contribution of the
Fi(¢*) g*¢ component of the vertex in Eq. (23), restric-
ted to the leading g, gs contractions of the two
Rarita—Schwinger projectors; the remaining projector
contractions and form-factor sectors are processed
identically, with the complete term-by-term algebra col-
lected in Appendix C.

The contribution under consideration reads
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P F1(@®) g
no p+ g —mp 1p? —mp, |

X @ptme, )¢ @+dtme,),  (32)

Had, lead
yng

where the factor g, results from the contraction
8% 8s = g4, and the on-shell condition p’ :mﬁ’f,b is
applied in the spinor numerators. By expanding the Dirac
chain in Eq. (32) and employing the anticommutation

identity p¢ = 2(e- p) —p, along with §* = p* = mj.

» +mpzb)¢ (115+g+mp;b)
= [2(e-p)—dp+mp, ] (B+d+mp,)
=2(e-p)p+2e- p)g+2mp; (£ p)
—dpp—4pd—mp, 4p
+ e, g+ mp 4+ i, o, 33)

Applying fflﬁ[ﬁ:mfa;b# eliminates the +m?32b¢ term.
Similarly, the pair —mp; ¢pp+mp; ¢p cancels out com-

pletely. By applying ¢p ¢ =2(c- p) g4 —pd4 to the remain-
ing —gp¢ term, Eq. (33) simplifies to

(p+mp, )& (P+d+mp; )
=2e-p)p+ ZmPZb(g'p)
+Bdd+mp 44, (34)

Inserting Eq. (34) back into Eq. (32) yields four
F(¢%)-proportional Lorentz structures in Eq. (36):

; Fl(qz)

2 2 2
— Mp« — Mp«
Pbb][p Pbb]

Had, lead
yng

Fy [(p+q)?

X [2(8" ) guwib + 2mp; (& ) gy
+ g+ mp, 8], (35)

each of which can be identified with the corresponding
guw-dependent contributions to the F;(g*) bracket of Eq.
(36). The remaining components of the two

1 217/1[701
’)/I—l’)/[t s Bm%;;b

Rarita—Schwinger projectors—namely, —

PuYe = PaVu
3me;,
right —contribute additional Lorentz structures of the
types ¥u(--)¥vs PuPvs Pudv> GuPvs 9u9v> and &,q,. After ap-
plying the gamma-matrix ordering vy, p¢4y, and discard-
ing all terms beginning with y,, ending with v,, or pro-
portional to p, or p, as spin-1/2 contamination, the re-
maining structures combine with those of Eq. (35) to re-
produce the full F(¢*) sector of Eq. (36). The Fy(4%),
F3(¢%), and F,(¢*) sectors are processed similarly, with
the additional vertex factor ¢°¢”/(2mp: )* accompanying
F3(¢*) and F4(g*), generating the compact g,q,-tensor
families that appear in Eq. (36). The complete intermedi-
ate algebra for all four form-factor sectors—in both unre-
duced (Appendix C.1) and gauge-fixed reduced (Ap-
pendix C.6) forms—as well as the explicit projection onto
the independent Lorentz structures (Appendix C.7), is

compiled in Appendix C.

By systematically applying these manipulations to
every Lorentz structure generated in stage (i), across all
four form-factor sectors, and on the sixteen cross-
products of the two Rarita—Schwinger projectors, the
spin-3/2 hadronic correlation function is reduced to the
form

b

and on the left, with their analogues on the

/12
” 4(e-p)quqy
Hdd bb 2 H _ . _ . . 2
PO g T 1 1710 | ML 2y 0,2, (o) =, 50
bb bb
4(e- p)q.qp 2q.944 2q qm# 2¢g qVM 24,9044
+ fﬂ 2(8 p)gpvp"'zquvq"' = Py #V‘ﬁ"ﬂ_ £ . £ 2
P}jb mp: Pbb mPZb mP
2(e-p)auq, 2(e-p)quqy 2(e-p)qua 4 9,944
_gﬂV¢¢4:| +F2(Qz){qu%¢— - - = ﬁ_EHQV¢++ ( ) uvﬂ_ﬂi
me;, P, Py, mp;,
2q,9.4¢ 2¢ qu 2E-pauavbd  (E-P)8wild  29.9$%4
+mp G+ — £ - Wl TR v g bdd
mp; b mp bb mP np, b mp b
+ i) {_ (e-Paar a4 (e-Paat (Paad 9.944 (€ P)aarq qﬂqvlﬁéé}
; 2mp: 4 2mp, 2my, 2mp:. 2mp, Amg,
q.9-44 (e paad (e paapd q.9.0%4
R [ B4 D9ad Dbt i) @
mp;, M., Mp,, M,
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The compact structure of the F3(g?) and F,4(g®) sec-
tors in Eq. (36), compared to the Fi(¢*) and F,(¢?) sec-
tors, reflects the high density of (¢-¢) and ¢ factors asso-
ciated with the vertex kinematics q“qﬁ/(Zm,uzb)2 in Eq.
(21). These factors vanish under the real-photon condi-
tions ¢>=0 and £-¢=0. A detailed term-by-term com-

/12
HHad (p’ q) Ppp

parison of the unreduced and reduced expressions, illus-
trating this collapse, is presented in Appendix C 6.

After isolating the relevant independent Lorentz
structures and eliminating all extraneous elements, the fi-

nal expressions for the correlation functions are given by:

N+ (g +} 37
v ar = =] (e + fta)ped (37)
A2 2
Had _ Php 2 _ 2 Fs(q°)
00 =g T PGP 80~ Fo P, 5,4+ 00044
F 2
D o gt G8)
dmp,
The choice of Lorentz structures in Eq. (38) is de- Gu(@) = [Fi(d) + Fa(q)] (1+i77)
termined by the linear independence of the form factors 5
Fi(g%),....F4y(g®) in Eq. (36). A direct examination of Eq. -5 [F3(q*) + Fa(g)| n(1+m), (40)

(36) reveals that F3(g*) and F4(g*) contribute solely to
structures proportional to g,q,, specifically g,q,¢¢ and
(¢ p)quq.p 4, which are kinematically orthogonal to the
gw-class structures g, p¢¢ and g,&¢ that convey the
Fi(¢*) and F,(¢?) information. This orthogonality, de-
tailed in Appendix C.7, ensures that the magnetic dipole
form factor G(0) = F1(0)+ F,(0) can be accurately ex-
tracted from the selected structures, without interference
from the higher-multipole form factors Fs(g?) and F4(g%).
In the derivation leading to Egs. (41) and (42), the
Lorentz structures pé¢, g, ¢4, and g,,¢¢ are thus chosen
to isolate (f1(0)+ f2(0)), Fi(0), and F5(0), respectively.
Among the independent structures bearing F,(¢*) and
F»(¢%), the preference for these specific ones arises from
their higher mass dimension, which enhances pole-dom-
inance behavior and operator-product-expansion conver-
gence, thereby improving the reliability of the extracted
magnetic dipole moments (MDMs). Several alternative
independent Lorentz structures were evaluated, and the
resulting predictions differed by less than 5%, confirm-
ing the robustness of the current analysis.

To evaluate the magnetic form factors Fy(¢?) and
Gu(g*), corresponding respectively to the P, and P;,
pentaquarks, it is crucial to express them in terms of the
previously introduced form factors fi(¢*) and Fi(¢*). The
explicit relations are presented below [72—74]:

Fu(@) = fi(@) + (), (39)

q2

4ms,.
ate the calculation of the electromagnetic form factors for
the doubly-bottom states. Given that our focus is on a real
photon with ¢*> =0, it is essential to utilize the specific
form factor expressions pertinent to the magnetic dipole
moment (MDM). These are detailed in the following
equations:

where 17 =— . The expressions derived earlier facilit-

Hpy, = 2 mp FM(O) (41)
= 5 (42)
with Fy,(0) = £1(0) + £2(0) and G(0) = F{(0) + F»(0).

For the two spin-3/2 pentaquarks, BX; and B*Y,, we
also evaluate the electric quadrupole and magnetic octu-
e
- (2mp: )?

G2 (0)

and Op;, (2 )3 Gu3(0), Where Gr(0) = Fi(0) - *Fx(o)

and Gu3(0)=F 1(0)+F2(0)—*[F3(0)+F4(0)] The addi-

tional form factors F; and F4, which contribute to these
higher multipoles, are extracted from the same correla-
tion function using the Lorentz structures detailed in Ap-
pendix C. The corresponding sum rules are derived
through the same operator-product-expansion and Borel-
transformation procedure employed earlier for the mag-

pole moments. These are given by Qp:
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netic dipole moment. The comprehensive analytic formu-
lation of the electric-quadrupole and magnetic-octupole
sum rules for multiquark states within this QCD light-
cone sum rule framework, including explicit higher-mul-
tipole projections, is thoroughly detailed in Refs. [66, 77].
We refer the reader to these references for the complete
formalism.

HQCD—BE[,

Within the QCD framework, the quark fields are ini-
tially contracted using Wick’s theorem, followed by the
application of the operator product expansion (OPE).
This process results in a correlation function expressed in
terms of light and heavy quark propagators and the
photon’s distribution amplitudes. The results of these op-
erations can be summarized as follows:

(Pq) = sa”fsa’” / d*xe” 0 | {Tr[y,S % (1S (0] Tr[ysS (x5S § /()

+2Tr [y,,S by (x)yﬁg ad (x)} Tr [755 Zd/ (x)ysS Zrd(—x)}
2Tl S OS2 O] TS S 0] | (7585 W) 10 )
HQCD B p.q) = s“"” £V / d*xel”(0| {Tr [yﬂS B (x)y,S 9 (x)] Tr [ysS xS U(- x)}

2T [y, S (S o ()| T [ysS 4 (xyysS ()]

2T 7,82 S8 ()| T [ysS 44 (0ysS (-] 85 (x) 1 0, (44)

3P #% (p,q) =

Jee [ a1 (TSt S ] TSt (s -]

+ 2T 7,82 (S 4 ()| T [yaS 3 (S 4|

+ 2T [y, S5 (0782 (0| Te[yaS 3 (S L= } (7585 ysy") 10, (45)

where S}, (x) = CS}l (x)C. The propagators for the light
and bottom quarks, denoted by S,(x) and S,(x), respect-
ively, are expressed as follows [78, 79]:

<qq> -“qu <qq> 2 2
X( _]'72>_ (

q(x) Sfrf:f:( )

1
/ duG" (ux)
0

6 16722

X {Mo-,,v + uo-,l,,)f} s (46)

Sp(x) = S“ee(x) 16 S / dvG* (vx)
my, V—x2
x {(m +xayv)‘(\j’__)62)
+207,, Ko (my V=x2) |, (47)
with
Tee _ 1 . )t m

Sff ) = 2mx? <1;_7‘7), (48)

Stree( )_ My {Kl (mb \/__XZ) +i )th(mh W)
el V-2 (V=22)?

(49)

where G" is the gluon field-strength tensor, and K, are
the modified Bessel functions of the second kind.

Within the QCD framework, the correlation function
receives two primary types of contributions. The first
type corresponds to perturbative effects, where the
photon is emitted at short distances. The second type
arises from nonperturbative effects, which involve photon
emission at long distances. To extract the short-distance
contributions, the following relation is employed:

Sfree(x) - /d4ZSfree(x_Z)A(Z)SfrEE(Z)’ (50)

and the four propagators that remain in Egs. (43)—(45) are
treated as free. To effectively incorporate nonperturbat-
ive (long-distance) effects, the light-cone operator
product expansion is typically employed. This expansion
is expressed in terms of photon distribution amplitudes,
which encapsulate the relevant hadronic matrix elements
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in the presence of an external electromagnetic field. The
corresponding transformation is executed as follows:

S8~ —; [Frd o) (1) (51)

af ’

and the four propagators remaining in Eqgs. (43)—(45) are
considered full propagators. Here, T;={1,7s,7,,
iysy,., 0. /2}. Applying the steps outlined in Eq. (51) in-
troduces matrix elements such as (y(¢)|g(x)I':G,zq(0)|0)
and (y(¢)|g(x)I';q(0)[0), which are defined in terms of
photon distribution amplitudes (DAs) and encapsulate es-
sential nonperturbative contributions [80]. The QCD side
of the correlation functions is constructed using Eqs.
(43)—(51) and subsequently transformed into momentum
space via Fourier transformation. Following these sys-
tematic procedures, one arrives at the final QCD repres-
entation of the MDMs. Given the technical nature of
these aspects and the fact that they follow standard pro-
cedures, we omit a more detailed exposition here. Read-
ers seeking a more comprehensive discussion are re-
ferred to [62], where the relevant methods are presented
in detail.

The QCD light-cone sum rules for MDMs are de-
rived by equating the correlation functions computed at
both the hadronic and quark-gluon levels, in accordance
with the principle of quark-hadron duality. To enhance
the contribution of the ground state while suppressing
those of higher resonances and the continuum, we em-
ploy Borel transformation and continuum subtraction
techniques. These standard procedures improve the reli-
ability of the extracted physical observables. The result-
ing expression for the MDMs is given by:

emlzl,/M2

Hp = ;lP

Ri(Mza SQ), (52)

where Ap =mpA3, and P € ({BX,, BZ;, B'Y,} denotes the
doubly-bottom pentaquark state under consideration.
Here, i = 1,2,3 refers to the corresponding sum-rule func-
tion Ri(M?,s,). The functions R;(M?,s,) encapsulate the
contributions from various quark and gluon configura-
tions to the sum rules. These functions are essential for
determining the MDMs, and their explicit expressions are
provided in Appendix A.

III. NUMERICAL ANALYSIS

In this section, we present a numerical evaluation of
the expressions derived for the MDMs of the doubly-bot-
tom pentaquark states. This analysis requires specific in-
put parameters, which are listed in Table 1. Furthermore,
as indicated by the sum rules provided in Egs. (A1)—(A7),
the photon DAs are essential to the calculations. The ex-
plicit forms of these DAs are provided in B.

Table 1. Input parameters in this work.
Inputs Values
m, 4.78+0.06 GeV [81]
ez, 11.07+0% GeV [36]
My, 11.09*9% GeV [36]
Mz, 11.1249% GeV [36]
m? 0.8+0.1 GeV? [82]
Jay -0.0039 GeV?[80]
X 2.85+0.5 GeV 2 [83]
{Gq) (-0.255+0.008)° GeV* [82]
(83G?) 0.80+0.04 GeV* [84]
Apz, (19.89%285) x 1073 GeV* [36]
Ap; (12.10*136) x 10-* GeV® [36]
Az, (22.63*2%2)x 1073 GeV® [36]

In addition to the previously discussed parameters,
two additional inputs are crucial in the QCD sum rule
analysis: the Borel mass parameter M? andthe con-
tinuum threshold s,. The numerical evaluation is conduc-
ted within the bounds defined by the standard criteria of
the QCD sum rule approach, ensuring the stability and re-
liability of the results. The continuum threshold s, is not
an arbitrary quantity; it characterizes the scale at which
the excited states and the continuum begin to contribute
significantly to the correlation function. Several methodo-
logies have been proposed for its estimation. One tech-
nique involves varying the parameter within a reasonable
range while monitoring the emergence of a M? window
in which the predictions become independent of M? [85].
An alternative technique treats s, as a function of M? and
determines the functional form of this relationship by re-
quiring that the mass result be insensitive to M> [86]. An-
other approach allows the continuum threshold to be
evaluated independently [87, 88]. Each of these perspect-
ives has its own advantages and drawbacks regarding the
reliability of the analysis. Nevertheless, the most widely
adopted prescription is to constrain s, to the range
(my +0.4)* GeV? < 50 < (my +0.8)*GeV?, guided by the
mass gap between the ground state (1S5) and the first radi-
al excitation (2S) of the state under study. In the absence
of experimental data on the excited states of doubly-bot-
tom pentaquarks, a comparable estimate can be obtained
by examining analogous multiquark systems for which
such mass gaps have been discussed. If one adopts the
tetraquark assignments, the X(3915) and X(4500) may be
identified as the 15 and 28 states with J©¢ = 0** [89, 90];
the Z.(3900) and Z.(4430) as the 1S and 2S states with
JFC =1*" [91-94]; the Z.(4020) and Z.(4600) as the 1S
and 28 states with J°€ =1*" [95, 96]; and the X(4140)
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and X(4685) as the 1S and 28 states with J©¢ = 1** [97].
Across these assignments, the 1525 mass splittings are
estimated to lie in the range of approximately 0.5 to
0.6 GeV. It is therefore reasonable to expect a compar-
able splitting for the doubly-bottom pentaquark states.
Accordingly, we set the continuum threshold for the
states considered here to (mp, +0.5)* GeV* < s5p <
(mp,, +0.8)* GeV?.

The working region for the Borel parameter M? is de-
termined by ensuring two fundamental conditions: pole
dominance (PC) and the convergence of the operator
product expansion (CVG). These constraints are imposed
through the following relations:

Ri(M27S0)
pC = 250 350
C= o~ 3% (53)
DimN M2
cvg = R s0) g (54)

Ri(MZ, 50)

where RP™N(M?,sy) is the highest-dimensional term in
the OPE of Ri(M?,sy). The results of the corresponding
CVG analysis are presented in Table 2, and the outcomes
of the PC analysis are also provided in the same table. As
observed from the table, the contribution of the highest-
dimensional term in the CVG analysis is relatively small,
indicating that it is adequately controlled.

To illustrate the results of the PC analysis, Figure 1
shows that, within the adopted Borel window, the PC

Table 2. Working regions of s, and M?, along with the PC
and CVG for the MDMs of the doubly-bottom pentaquarks,
are presented.

States  5,/GeV?  M?/GeV? PC (%) CVG (%)  uluy)
B, 134.0-1400 5.0-7.0 76.65-40.71 <10 2.40%935
BT, 134.0-1400 5.0-7.0 75.67-40.18 <10  -2.84*37%
B'S, 1350-1410 55-80 77.16-39.16 <1.0 517098

90

90

contribution remains significantly above the continuum,
thereby confirming ground-state dominance. The PC
curves in Fig. 1 are obtained by averaging over the con-
tinuum threshold s, within the interval specified in
Table 2. Specifically, the PC is computed for a dense set
of sy values spanning this interval, and the resulting val-
ues are averaged. The spread of the PC over the interval
is only a few percent, so the averaged curve is represent-
ative of the entire s, range, and the resulting Borel win-
dow is essentially unaffected by the choice of sy. This
confirms that the ground-state dominance displayed in the
figure is insensitive to s, within its established interval.

For completeness, Fig. 2 displays the dependence of
the MDMs of the doubly bottom pentaquark states on the
Borel mass parameter M? and the continuum threshold
so. As evident from the figure, the magnetic moment re-
mains largely insensitive to variations in M? within the
chosen window, thereby confirming the stability and reli-
ability of the theoretical predictions. Although the mag-
netic moment exhibits a more pronounced sensitivity to
the continuum threshold sy, the resulting variations re-
main well within the estimated theoretical uncertainties of
the employed sum-rule approach. This indicates that, des-
pite the inherent dependence on the choice of sy, the pre-
dictions are stable and reliable. Moreover, the observed
behavior reflects the expected physical consistency of the
method: variations in s, primarily affect the continuum
contribution, while the ground-state dominance, as en-
sured by the pole contribution analysis, remains intact.
Consequently, the extracted magnetic moments can be re-
garded as robust estimates, and their dependence on s
does not compromise the overall validity of the theoretic-
al predictions.

Following the numerical analysis, the predicted val-
ues of the MDMs for the doubly-bottom pentaquark
states with quantum numbers J” =1/2" and 3/2~ are
presented in Table 2. The uncertainties in these results
primarily arise from variations in the continuum threshold
parameter s, and the Borel mass parameter M2, as well as
from uncertainties associated with other input parameters,
including those used in the DAs. The contributions to the

90
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(color online) PC analysis of the MDM for doubly bottom pentaquarks is presented as a function of M?. The area enclosed by

the vertical lines indicates the selected Borel window, and the horizontal line denotes the minimum value of the PC in this analysis. The
PC results are derived by averaging over the continuum threshold s, within the range specified in Table 2.
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Fig. 2. (color online) The mass distribution models (MDMs) of doubly-bottom pentaquarks are analyzed in relation to M?.

total uncertainty are approximately distributed as follows:
15% from the mass of the pentaquarks, 24% from their
residues, 30% from the threshold parameter sy, 7% from
the Borel mass M?, 9% from the photon DAs, and the re-
maining 15% from other parameters.

Based on these results, we summarize our findings as
follows:

e For the BY, state, the dominant contribution to the
magnetic moment arises from the perturbative compon-
ent, which constitutes approximately 92% of the total
value. In the BE; configuration, this fraction is about
84%, whereas for the B*E, state, the perturbative contri-
bution decreases to nearly 76%. These results demon-
strate that the perturbative component plays a leading role
in all configurations, although its relative significance
varies depending on the spin structure of the state.

e The significant variation in the MDMs among the
BY,, BY;, and B‘Y, configurations underscores the cru-
cial role of the internal spin structure and the dynamics of
the constituent quarks. The observed differences, particu-
larly in the sign and magnitude of the magnetic moments,
reflect the sensitivity of these observables to the spin
alignment between light and heavy quarks. Specifically,
the negative value obtained for the BY; state indicates de-
structive interference between spin components, whereas
the enhanced magnetic moment in the B*Y, configura-
tion suggests constructive spin alignment. These findings
provide valuable insights into the electromagnetic struc-
ture and internal dynamics of doubly-bottom pentaquark
systems.

e The results presented in Table 3 elucidate the dis-
tinct roles of light and heavy quarks in determining the
magnetic moments of the P, pentaquark states. For the
BY, configuration, the predominant contribution arises
from the up quark, resulting in a substantial positive mag-
netic moment of u, =2.54uy, while the down quark
provides a minor negative correction (u; = —0.14uy). The
total magnetic moment, p, = 2.40uy, primarily reflects
the influence of light quark dynamics, as the contribution
from the heavy b-quark is negligible or effectively can-

Table 3.
magnetic dipole moments (MDMs) of the P,, states is presen-

The contribution of light and heavy quarks to the

ted in units of . These results have been derived using the
central values of the numerical input parameters.

States Hu Ha Mo Hior
B, 2.54 -0.14 - 2.40
Bz, -0.275 0.015 -2.58 -2.84
B'%, 2.76 -0.35 2.76 5.17

celed in this state.

In contrast, the BX; state exhibits a dominant negat-
ive contribution from the heavy b-quark (u, = —2.58uy),
which, combined with a relatively minor net effect from
the light quarks, results in a strongly negative total mag-
netic moment (u = —2.84uy). This indicates that the
spin alignment and internal structure in this state allow
the heavy quark’s magnetic moment to play a significant
role.

Finally, in the B*Y, configuration, both light and
heavy quarks contribute substantially and constructively.
The up quark and b-quark yield u,=2.76uy and
wy = 2.76uy, respectively, while the down quark slightly
suppresses the total with p; = —0.35uy. The resulting total
magnetic moment, po =5.17uy, 1S significantly en-
hanced, highlighting the cooperative effect between quark
constituents in this configuration.

These observations underscore the sensitivity of the
magnetic moments to the internal spin-flavor configura-
tion of the pentaquark states and demonstrate that both
the composition and the spin alignment of the constituent
quarks profoundly impact the electromagnetic properties
of such exotic hadrons.

e The magnetic dipole moments (MDMs) predicted
in this work for the BX,, BX;, and B*Y, configurations
are compared with the results of [37], where compact
doubly-bottom pentaquark states were studied using QCD
light-cone sum rules. In that analysis, the spin-1/2 com-
pact pentaquark states were found to have negative mag-
netic moments, whereas positive values were obtained for
the spin-3/2 states.
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Our result for the BX, molecular configuration yields
a positive magnetic moment of approximately 2.40uy,
which differs significantly in both sign and magnitude
from the compact spin-1/2 predictions. This behavior in-
dicates a strong sensitivity of the MDM to the underlying
configuration of the state. In the spin-3/2 sector, the B*Y,
molecular state exhibits a magnetic moment of approxim-
ately 5.17 uy, showing a close numerical similarity to the
compact pentaquark result, while the BX; configuration
results in an opposite-sign value.

These observations suggest that, although -certain
spin-3/2 molecular configurations may reproduce the
magnitude of the compact pentaquark magnetic moments,
the overall pattern of signs and magnitudes is strongly
model-dependent. It must be emphasized, however, that
the sign of the magnetic moment alone cannot serve as an
unambiguous discriminator between the molecular and
compact pictures. Among the states considered here, the
two spin-3/2 molecular configurations exhibit opposite
signs, indicating that the sign is configuration-dependent
within the molecular scenario itself.

Furthermore, the spin-1/2 molecular partners associ-
ated with the B*Y, and B'Y; systems could not be in-
cluded in the present analysis for the reasons discussed
above, and their magnetic moments —whose signs can-
not be anticipated —might also be negative. Con-
sequently, the observation of a negative spin-1/2 magnet-
ic moment would not, by itself, establish a compact in-
ternal structure. Rather than relying on a single sign rule,
we therefore consider the characteristic pattern of the
magnetic dipole and higher multipole moments across the
accessible spectrum, together with the masses and decay
widths, as providing complementary information for dis-
tinguishing molecular from compact assignments in fu-
ture experimental studies.

e The sensitivity of the MDMs to spin alignment sug-
gests that future experimental measurements could offer
crucial insights into the internal structure of these
pentaquark states. MDMs significantly influence the elec-
tromagnetic transitions of pentaquark states, determining
the rates and probabilities of photon emission between
different spin-parity configurations. These moments dir-
ectly affect the amplitudes of electromagnetic decay
channels, thereby impacting the partial decay widths and
lifetimes. Consequently, precise theoretical predictions of
magnetic moments are essential for interpreting future ex-
perimental data on radiative decays. Furthermore, when
considered alongside masses and decay widths, vari-
ations in the magnetic moments can provide complement-
ary information for distinguishing compact multiquark
structures from hadronic molecular configurations,
thereby aiding in the clarification of the internal quark
dynamics of exotic states.

e In addition to the MDMs, we have evaluated the
electric quadrupole and magnetic octupole moments of
the spin-3/2 molecular configurations BX; and B*Y,.
These evaluations provide further insight into the spatial
deformation and higher-order spin—magnetic correlations
of these states, following the definitions and the sum-rule
procedure outlined in Sec. II. For the BX; configuration,
the electric quadrupole moment is determined to be
Qps; = (0.75+0.12)x 107" fm” | indicating a small but non-
negligible deviation from spherical symmetry. The posit-
ive sign of the quadrupole moment suggests a prolate-
type charge deformation, consistent with a molecular
model in which the spin alignment of the constituents in-
duces an elongated charge distribution along the quantiz-
ation axis.

The corresponding magnetic octupole moment,
Ops; = (0.62+0.10)x 107 fm’ | is relatively suppressed,
reflecting the weak contribution of higher-order magnet-
ic multipoles in this configuration. This behavior indic-
ates that, although the state exhibits mild spatial deforma-
tion, the spin—magnetic correlations beyond the dipole
level remain limited, as expected for a loosely bound mo-
lecular system dominated by a single heavy-quark spin
orientation.

In contrast, the B*Y, molecular configuration exhibits
a markedly different multipole structure. The electric
quadrupole moment is obtained as Qpy, =—0.60+
0.10 fm*, with the negative sign indicating an oblate-type
deformation of the charge distribution. The considerably
larger magnitude of this quadrupole moment compared to
the BX; case suggests more pronounced spatial aniso-
tropy, arising from the interplay between the spin-1 B*
meson and the spin-1/2 ¥, baryon. Furthermore, the
magnetic octupole moment of the B*X, state is found to
be Opy, = (0.12+0.02)x 107! fm®, which is significantly
enhanced relative to that of the BY; configuration. This
enhancement indicates the presence of stronger higher-or-
der spin—magnetic correlations, driven by the construct-
ive coupling between the light- and heavy-quark sectors
in the B*Y, molecular system. Such a pattern is consist-
ent with the simultaneously large MDM obtained for this
state, indicating a coherent multipole hierarchy extend-
ing beyond the dipole level.

Overall, the distinct behaviors of the electric quadru-
pole and magnetic octupole moments for the BX; and
B*Y, configurations highlight the sensitivity of higher
electromagnetic multipoles to the internal spin arrange-
ment and spatial structure of doubly-bottom pentaquark
molecules. These results reinforce the role of electromag-
netic multipole moments as powerful probes of hadronic
structure and suggest that measurements of quadrupole
and octupole observables, in addition to MDMs, could
provide valuable discrimination between different mo-
lecular configurations and their compact counterparts.
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IV. SUMMARY

In this study, we investigated the magnetic dipole mo-
ments (MDMs) of doubly-bottom pentaquark states with
spin-parities J* = 1/2~ and 3/2-, treating them as hadron-
ic molecules in the BY,, BY;, and B*Y, configurations.
The analysis was conducted within the framework of
QCD light-cone sum rules employing photon distribution
amplitudes. Our results demonstrate that the MDMs are
highly sensitive to the internal spin structure and quark
dynamics of the states. In the BX, configuration, the mag-
netic moment is dominated by the light-quark contribu-
tions, whereas in the BX; case, the heavy bottom-quark
sector plays a leading role. For the B*Y, molecular state,
both light and heavy sectors contribute constructively,
resulting in a significantly enhanced magnetic moment.
Although perturbative contributions are dominant in all
configurations, their relative weight decreases from ap-
proximately 92% to 76% as the spin structure becomes
more complex. Moreover, the predicted electric quadru-
pole and magnetic octupole moments of the spin-3/2 BX;
and B*Y, configurations reveal distinct deformation pat-
terns and higher-order spin—magnetic correlations, fur-
ther emphasizing the sensitivity of electromagnetic multi-
pole observables to the internal structure of doubly-bot-
tom pentaquark molecules.

A comparison with compact pentaquark predictions
from [37] reveals differences in the magnetic dipole mo-
ments that can be traced back to the distinct internal
structures of molecular and compact configurations. This
suggests that magnetic dipole moments, particularly when
combined with the masses, decay widths, and higher elec-
tromagnetic multipole moments, can provide comple-
mentary information for distinguishing between these two
models. We caution, however, that the sign of the mo-
ment alone is not a decisive criterion, since the spin-1/2
molecular partners not treated here could also yield neg-
ative moments. These findings may have important ex-
perimental implications for radiative decay channels and
electromagnetic transitions, offering valuable insight into
the structure of exotic hadrons and providing guidance

1
226 % 32 % 53 x 7217
(a9
218 % 32 % 52773
(€3G fy
227 % 35 X 575

RI(M?, 50) =

[3(ea+9e,)(149110,5) +4271[1,4]) |

for future searches at LHCb and Belle 1.

APPENDIX A: EXPLICIT FORM OF THE R;(M?, so)
FUNCTIONS

This section presents the analytical outcomes of the
MDM analysis of doubly-bottom pentaquark states.

The study focuses on the magnetic dipole moments
(MDMs) of these exotic hadrons, which are crucial for
understanding their internal structure and interactions.
The MDMs provide insights into the distribution of
charge and magnetization within the pentaquarks, thereby
offering a deeper comprehension of their quantum char-
acteristics.

The analysis employs a theoretical framework based
on quantum chromodynamics (QCD), which is the funda-
mental theory describing the strong interaction. By utiliz-
ing this framework, we calculate the MDMs of the
doubly-bottom pentaquark states with high precision. The
results are compared with existing theoretical predictions
and experimental data, where available, to validate the
accuracy of our approach.

Our findings indicate that the MDMs of these
pentaquark states exhibit unique patterns that distinguish
them from other hadronic systems. These patterns are at-
tributed to the presence of two bottom quarks, which sig-
nificantly influence the magnetic properties of the states.
The implications of these results are discussed in the con-
text of current theoretical models and their potential im-
pact on future experimental investigations.

In conclusion, the analysis of the MDMs of doubly-
bottom pentaquark states enhances our understanding of
their structure and dynamics. This work contributes to the
broader field of hadron physics by providing valuable
data that can guide future research and experimental ef-
forts.

1. The obtained sum rule for the MDM of the BX, state
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2. The obtained sum rule for the MDM of the BX; state
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mi{g:G*)aq) f . . myqq)’
g (€at 9e) I+ 20 [uoDI0.0 - i

19% 3% 513
mb<g§G2>f3y (e
230 %33 x5%x 710

FY (M2, 50) = — (4 +9¢,)1,[S110,0]
(eq +9e,)1[S11[0,2]
2+ 9e,) (851, [V] + 6415[y“DI[0,2]

2 -
m;,(q¢1>f3 2 my, f3
DD (o 4 9e L IVIORIIO, 11~ 110.2]) + 552D+ 9e, )L [VITO,4).

3. The obtained sum rule for the MDM of the B*X, state

Ry(M?,50) = F{ ™ (M2, 50) — FE5 (M, 5),

By,
with

my(g;G*)qq)
22T x 3% 52 % 7?7 226 % 36 x 575

+3348(e, +4e,)14[S1[0,1] —4428¢,14[S11[0,1] +263xe,1[0,2]p, [uo] + 1052y e, I[0,2]p, [uo]

FY™(MP,s50) = (95, — 78(eq +4e,))I[0,5] + [ —248(eq + 4e,) Al 110, 1]

2G?
+ 704(eq +9e,) f, P 110,01 [uo] | + % [336(ea+9e.)1[V] — (€4 +4e,)(28L[V]

p my{qq)
+71y [uo])] 110,2] + m [ —5600(eq +9e,) f3,7* [ [ V1(m3 1[0, 1] - I[0,2])

+420((eq +4e,)(Alug] — 81,[S]) + 8e,LL[SDI[0,3] — 149y (ey + 4eu)1[0,4]g0y[u0]]
Sy

XXX T (eq +4e,)(1400L,[V] + 2223y [uo])10,4],

* m
FEE (M2, 50) = STy b53 e [— S5d(ey +4e,)(88I[0,5] +4271[1,4]) + 5e,(8391[0, 5] + 193901[1,4])}
my(82G*)(Gq)’ mi(g:G*)aq)

22 33 (eq+9e,),[S11[0,0] + 221 35,03

—45((eq +4e,)L[S] - e[ S] - 8(eq +4e,) L[ S] + 24e,L4[S]

[(124(eq +4e,)AL)
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+32(eg +4e,) 5[y 1) ) 110, 11 = 172x(eq + 4e,)110. 21, Lo ]

my(qq)*
218 x 3% 573

my(g;G?) fy
229 % 34 x 5% 70

2=
+4(eq+ 4eu)zp”[u0])] 110,2] + my(qq)

223 x 35 x 52715

(ea+9e,) [ (1[0, 1] = 110,21, [S] + I, [S10.2]]
[S(ea+9e,)[V] + 164(eq +4e,)LIV] - 32(5(Teq + 34e,) 5[]

[— 9(19(ed +4de,)Aluo]

+8( = 15(eg +4e,)4[S] + 15¢,1,[S] + 46(e, + 4e,)

x Loy 1) ) 110,31+ 56x (eq +4e,) 10,41, [uo]| -

+(eq +4e,)BL[V]+60Ls[y ] + 390“[140])] 110,4],

The symbols appearing in Eqs. (A1)—(A7) are defined
as follows: ¢,, e,, and ¢, denote the electric charges of
the up, down, and bottom quarks, respectively, in units of
the elementary charge e; (ggq) represents the light-quark
condensate; (g2G?) is the gluon condensate; f;, corres-
ponds to a non-perturbative constant measuring the chir-
ality-flipping soft part of a photon's structure; y is the
magnetic susceptibility of the quark condensate; and m}
is defined through the mixed quark-gluon condensate as
(Ggs0G* q) = mi(gq). The explicit forms of the func-
tions I[n,m], L[F], and the various photon distribution
amplitudes (v*, ", hy, ¢,, A, S, S, A, V, T1, T2, T3,
T4), along with the integration measures and conventions,
are provided in Appendix B. The functions I,[#] and
I[n,m] are defined as follows:

I[n,m] = / ds s"(s— My"e/™*
M
1
L[F]= /D(,,./ dvF (g, ag, @) (o + Va, —up),
0
!
L[F]= /Dm/ dvF (g, g, )8 (g + va, — ),
0
1
L[F]= /Da,/ dvF (az,aq, ap)0(a, + Va, — up),
0
1
L[F]= /Dm/ dvF (g, @, a)0(ag + va, —up),
0
1
I[F] = / duF (u)d" (u—uyp),
0

1
IG[T]=/ dufF (u), (A8)
0

with M=4m? and F representing the relevant photon
DAs.

The Borel transformations are performed using the
standard formulas provided below. At the hadronic level,

mbey

m {]2(641 + 96,,,)1] [(V]

(A7)

the transformation applied to the double-pole structure
results in:

1 _y e IME-m /M3
? { (P> =m})((p+q)* —m})] } © 69

At the quark-gluon level, for the generic denominator
structure that appears in the QCD side, one employs:

1 2\(2-a) —m? |M?
g{(mz—ﬁpz—u(p+q)2)a} — (M*) o(u—up)e ,

(A10)

where the auxiliary Borel parameters are defined as:
2o MMy = M
M? + M3 M? + M3

In these expressions, M7 and M3 represent the Borel
parameters associated with the initial and final
pentaquark channels, respectively. Since the initial and fi-
nal states are identical in this analysis, it is logical to ad-
opt the symmetric choice M? = M3 =2M?, resulting in
uy = 1/2. This selection ensures a balanced treatment of
both sides of the correlation function and adequately sup-
presses contributions from higher resonances and the con-
tinuum.

APPENDIX B: PHOTON DISTRIBUTION
AMPLITUDES

In this appendix, we present the explicit forms of the
non-perturbative matrix elements that appear in the QCD
aspect of the light-cone sum rule calculations. These mat-
rix elements, which involve photon distribution amp-
litudes (DAs), are defined as (y(q)|g(x)I;q(0)|0) and
Y(@Ig0TI;G,,q(0)|0), where T'; denotes the relevant Dir-
ac matrix structures. Following the conventions estab-
lished in [80], these matrix elements can be expressed as:
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1
Y DIg(x)y,.q(0)|0) = e, f3, (sﬂ - q;;%) /0 due™y" (u), (B1)
1 L
Y (@DIg(x)y,ysq(0)I0) = —Zeqﬁyemﬁqu”xﬂ / due™ ™y (u), (B2)
0

1 2
Y(DIgx0)T,,q(0)I0) = —ie,{gq)(€uqy — €vqu) / due!™* (X%(u) + %A(M))
0

. 1
- %e4<qq> |:xv (8/1 - QHZ)t> — Xy <8v - qujc>:| /0 duequhY(u)’ (B3)
Y (@g(x)8:G i (v)q(0)0y = —ie,(Gq) (£.qy — &1q) / Dae 1 S(a;), (B4)
Y (@g(0)8,G i (vx)iysq(0)I0) = —ie(Gq) (£.qy — £,qu) / Dae S (a;), (B5)
<Y(‘Z)|5(x)gvGW(VX)%ﬁ’Sq(ONO) = equyqa(SMQV - qu,u) /Daiei(aq+vag)q'xﬂ(ai), (B6)
Y(QIG(x)gsG, (vX)iyaq(0)I0) = e, f3,qa(Euqy — £,9,) / Da;e "V (ay), (B7)

Y (DIG0)T 085G r(vX)g(0)I0) = e,(gq) { KS” - q#%) (gw - qix(qaxv + qvxa)) s

1 1
- <8;1 - Qﬂg) <g,8v - 7(q,8xv + qvxﬁ)) qo — (Sv - qvﬂ> (gryy - 7(Qrzx,u + nya)) qp
qx qx qx qx

&X 1 i(ag+vag)gx
+ <8v_CIv5) <g/3;4 - 5(‘]/3% +ny/i’)) ch:| /Daie( THET ()

Eq ~Yqa— - X, X v~ \ €~ qa— v~ —_\gvX Xy
q gx 8up ax quXp T 4p%.) | 4 q gx 8 gx q4vXgtdp qu

X 1
- <‘9ﬁ - qﬁa) (gua - %(qpxa + quy)> qy

£X 1 .
+ (8;; - qﬁqx> <gm - qfx(qvxa + qaxv)) q,,} / Da;e T T ()

1 i(ag+vag)gx
+ %(q,uxv _QVX#)(saqﬁ_gﬁqrr)/Daiel(%+ 84 7-3(0':‘)

1 )
+ &(%}xﬁ - qﬂxn)(‘gﬂqv - qup) /Daiel(%ﬂy%)q}(ﬂ(at‘)} .

(B8)

[

In these expressions, the functions ¢, (1), Y (u), ¥“(u), litudes (DAs) of different twists. Specifically, ¢, (1) cor-
A, V(a), h,(w), Aw), S(a), S(), Ti(@), T, responds to the leading twist-2 DA, while ¢ (u), ¥*(u),
T3(;), and T4(a;) represent the photon distribution amp- A(a;), and V(a;) are associated with twist-3 contribu-
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tions. The remaining functions, namely #&,(u), A(u),
S(@), S(@), Ti(@), T(@), T3(e), and Ti(a;), encode
the twist-4 effects.

The integration measure Da; appearing in the multi-
variable distributions is defined as:

3
@) = 6uit | 1+@(WCE u—7) |,

1 1 1
/Da,-:/ daq/ daq/ de,6(1 —az—a,—a,). (BY)
0 0 0

The explicit functional forms of the photon DAs util-
ized in our analysis are presented below:

) =3 (3Qu—17 1)+ 2 (15w ~5w) (3-30Qu— 17 +35Qu~1)°).

64

v = (1-Qu—-1)) (5Qu-1)"-1) g (1+

hy() = =10 (1+26*) C3 (u— 1),

9V3)
g%‘gﬁ’

A() = 40u’i® (3k— k" +1) +8(¢3 —38) [uit(2 + 13uit) + 2u’ (10 — 15u + 6u*) In(u)

+2i’ (10— 150+ 6@*) In()] ,
1
Ala)) = 360%%&? (1 + W$§(7ag - 3)) ,
V(@) = 540w (a, - ap)a,aze’,

Ti(a) = =120 + 4 g — a)aza,ay,,

Ta@) = 30a;(a; — ap) (k=) + (& =D = 2a) + H(3 - 4ay))

T3(a;) = —120(3% — & ) evg — @),y

Tale) = 300 (g — ) ((k+K7) + (L1 + £ = 200) + Lo(3 - 4ary))
S(ay) =30a; [(k+ k)1 =) + ({1 + D= ap)(1 - 20) + 4 (3(ag — @) —a(1-ayp))] .

S(a;) = =300], [(k— k(1 —ap) + (&1 = & =) (1 =20 + & (3 — @) —a,(1 - ay))] .

The numerical values of the parameters used in these
DAs are as follows: ¢,(1GeV)=0, w)=38+18,
w)=-21£10, k=02, «*=0, {,=04, and {,=03.
These values adhere to the conventions established in
[80].

APPENDIX C: STEP-BY-STEP DERIVATION OF
THE Spin-3/2 HADRONIC CORRELATION
FUNCTION

This appendix explicitly documents each intermedi-
ate expression that links the hadronic representation of
the correlation function in Eq. (23) to the projected form

in Eq. (36). The derivation unfolds in four stages, each
detailed in a dedicated subsection:

(i) Application of the polarization sums from Egs.
(24)—(27) and the on-shell substitution p* = m?azb, without

(B10)

[

further simplification (Sec. C 1). The result is a Lorentz
decomposition in which each term generated by the Dir-
ac algebra is explicitly presented.

(ii) Imposition of the real-photon kinematic condi-
tions ¢>=0 and &-¢g=0 on the unreduced expressions
from Sec. C.1 (Sec. C.6). The outcome is the gauge-fixed
expression, which still includes Lorentz structures arising
from tP};e spin-1/2 contamination of the interpolating cur-
rent Ju" (X).

(iii) Application of the gamma-matrix ordering
YuP447y, to the gauge-fixed expressions from Sec. C.6
and elimination of all Lorentz structures that begin with
Yu» end with v,, or are proportional to p, or p,, which are
identified as spin-1/2 contamination (Sec. C.7). The res-
ult contains only those Lorentz structures that contribute
to the magnetic dipole moment.
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(iv) Projection of the resulting expressions onto the
linearly independent Lorentz structures g, pdd, gundd.,
q.9.¢4, and (¢-p)q,q,p4 (Sec. C.8), yielding the coeffi-
cients of the form factors F,(¢%), F.(¢%), Fs(¢*), and
F4(q?) that appear in Eq. (36).

The expressions in stages (i), (ii), and (iii) are organ-
ized according to the form factor to which they are pro-
portional, allowing each Fi(¢*) contribution to be inde-
pendently traced throughout the derivation. All quantities
are expressed in terms of mp: with the on-shell substitu-
tion p* = mp consistently apphed

1. Stage (i): unreduced form after polarization sums

and on-shell substitution

The hadronic correlation function IT3‘(p,q) in Eq.
(23) incorporates the Rarita-Schwinger projectors P,,(p)
and Pg,(p+q) on either side of the photon-vertex inser-
tion. By substituting the explicit form of these projectors
[Eq. (27)], expanding the products, and applying the on-
shell condition p* = m%;b, the correlation function decom-

poses into four sectors, each proportional to a distinct
form factor F(g?):

HHad(p’ CI) ==

2
PI7II
[(p+q?—mp, 1[p* —m, ]

4
x ZF,-<q2m?(p,q,s>, (Ch

where 7 denotes the tensor structure multiplying Fi(¢*).
The following four subsections present these tensor struc-
tures individually, in their fully unreduced form. At this
stage, no gamma-matrix reordering, projection, or Kkin-
ematic constraints, other than p* = m%;b, have been ap-
plied. The terms are organized according to the Dirac
chain they contain (e.g., no chain, single slash, double
slash) to facilitate the identification of structures that per-
sist through subsequent ordering and gauge-fixing steps.

2. Lorentz structures proportional to F(g?)

Fif) {Smpz,, evp+ e PPy AE Dby | HEDI Py HEDPudy 2pu0v a8 204498
3 # 3mp:. 3mp:. 3mp; 3mp:. 3m‘2”2b 3m%,;b
4 4e-ppupkb e @Qpupvkp 8E-P)(P-Dpupvlb | HE-D)Dvaulb  4E- 9 Pugyip
3 & Pub+ 3m2 B 3m? B 3m? * m O 3m2
b Py, P, Py Py
8PP Ppugp | Ae- ) y e -q)puprd  4e @) pugy
P (P9 puq lﬁ P) Gy 6(c- p) g+ 4 fyp 4, 4eq f"q é+2(8.p)pm
3mP P;b 3mP77b 3 l7b
4(e-q) p, 4e-q)q, 4pupy 4(p-q) pupy
e Wt 2E Pt =3 Yt e PPyt 3};* #p- 3mi*# #p
2 v 2 v 4( : ) v 2 v v 4( : ) v
14 ‘1y¢115+ Pﬂq &‘P P3 Q3pﬂq ép+ quq & — 3mP gw"«/llj"' 4pup e P3 ‘13P#P #4
me;, mPZb me;, me;, mP;,,
2 v 2 v 4( : ) v 2 v Mmp:. D, 2
pqﬂ#é"’ p#q #é p3Q3p#q dﬁ"‘ qﬂq #ﬂ 3mP gﬂvdé_ bb H¢ Yy é;,uq ¢7v
Phb Mp: meh mP;h
4 v 2 v 2 4 2 v 2 2 v 2 v
e ”’Z g 2Dy 2Py 2PATD 2y
mP;b 3 Pbb 3mp;b 3mP;I Pb
4mp,, 2(8 p)pv 4(8 q)py 4e-p)(p-q)py 4&-p)g,
- EPYVu— Pyu+ PYu— 3m§,* ﬁ?’y—TPZblMy
4e-q)qy 4(s~p)(p- gy 2(8 12¥2 Ade-p)p-9p
+ 3qq¢7,u_ 33 qql/ﬁ')/,u ”ﬁv ”ﬁv
mp; Mp:. 3mp:. 3m,,
2(8 ) 4p,p, 4p.q, 2(8 )
P qlilﬁ v plip ﬂﬁ( p/lq ﬂﬁ( q pll ﬂ7v+2mPprv)/ﬂ¢
mp: 3m mp: mp:
4(p-q) py 2pvq (p-q) 4y 2q 9y 4(e-p)p, 4(e-pq,
-3 Vud + 3 Vel — 3 Yud + 3 Yl — 3 Yulb — 3 Yul
me;, me,, me;, me;, me,, me,,
4(e-q) p, 4(e-q)q, Dy
R Yud — 3m, Yudi = 2mp;, PuYvd = PPV~ AP Vut S APV

bb bb
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_2p-9pu

ppv
. Ly adpy+ 25

W ”“"Vm DY - 1V

4py¢ﬂ Yo 2(p-q) pu

v 4 ° v V!
0 DPuy + g dhy,+ s - P DPuPr o 2P sy

3 2 3 2 3m;‘32b Pbb
2p.,q, 4 v v
e - (”3513”“" P+ 2 3 0 by~ a8,
b Zb Pbb
4 2 4
e s LW b e bt
P

_2e- p)mM N 2e- q)PpM yo-Ly g+ (p q)pv

y1ﬁ¢+ i Vz mﬁd

3mP P
4 . y 2 v 2 " 4 v 2 v
+(§7§1)q Yo+ qq Yo (8p)p Yabdi- (aq)p Yobd- (sp)an
", ", "y, ", e,
A& q)q,
—%Mbﬁﬂ(&p)mﬁ% %mﬁyﬁmwﬁa‘ﬂ(s P)YuYrb
h P’Ih
2 Y 2 . v v
DD s TP s 2D g Dyt P D gy %mﬁ
mp. mp-
2 ¥ 2 X , ) 7
2 ,m;—w vt L= 2Dy gy 2O ")mw;m%
2(e- 2(e-
- (83p)7u¢7v_ (83 Q)yuqu Pu%&‘P pﬂ)’v@{ﬁ yvlbg_i)’vﬂ#
2 » 2
T e e et 2 P + 2 ey,
me, mp,, 3mp;,
2 v
20 Dby ?)”“m% mipy. - e it~ M}ﬁ v.#4
bb P
- ZM #- 2L q”“zﬁ #+ 0 oy, Ly
3mp ) Yu Yu Yud Vvt ;, 3mPZ;, YudVv
2
b=, *1/5 e :I)MNMﬁmpbbmH%d
. T e ¢¢%—Mm¢ v
mp
# L PR ST ”—‘”wm L.
2 ,
P Vb e i Gih+mp, Vuvodh+mp, Vuvidd
2mpzb 2mp,, -9
+ 3 'yp’)’VWﬁ("'T)’MVWf?é"'ﬁéé%ﬁ’u ﬁ’yu#é'yv 3Im 2 I’Yuﬁléyv lﬁypéﬁ‘%
R R R T S Y mmv}. )

3. Lorentz structures proportional to F»(g°)

Fyo { 264 Spupv@’d 20y d’d  PvaGd 2P ar?
3mp: 3 m%;b 3 m‘}zb m%,;b 3mp,
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2(p DPud’yd  q quyé N 3¢°8wd 4P Q)& pul +2(8 q)pypvlﬁ 28, p.q° P
SmP mP 2 SmP mP SmP

N 4(e~p)puqv1ﬁ N 2(8-61)19“6145 _4e-q)py - Zev g o 4(8-q)qy . 14pupv
3m3. mp. 3 ko3 3 “ 3mp

bb bb

4( . ) v 2 v 8 v 4( ) v 2 v
+ pqpupdﬂ pqﬂ#{é pﬂ#{é Pqpuq&% auq

3md, 3m}
P bb Lt bb Pbb

44

éé"_ 3’nPh, g,uv@(é

qu

(p q)ppd (P-Qruq’
3mp wE 3mP

bb b

2
P9 gy, + ¢ Y+ 4y, - "q" m
Zmp;,

_4p-q) pupy

4 4 v 2 V
L (P-@)* pup pi+ pyp 1/5 4+ (p- q)pup
»

2 y
& 1/5¢ (pq)pun

3m) 3my. m,
Pbb Pbb Pbb P

2 4 2p -
s un_ (p- cz)pyqv]ﬁ(¢ (p-qy pyqueryq D s (P DPud’q

5
m3 3m3. 3m 3m.
Pl7h Plih Phb th Phb

pé+

V4

_2p- Q)q“quﬁé q q#quJr 3(p- q)gpv¢¢ 3q gwM 4(e- p)pypv

m 3m3.
Py M, bb P P,

P4

_2e- q)puva_4(8'p)(p'q)19,lva+2(8-p)pvq,4M+ 2(8~p)pyqu
3 3

Py 3mp., M, 3mp.,
2e-q) Puqy 4(e-p)(p-qQ) pugy 2(e- p)quqy 3(e-p)gu
- 3 £ p ¢7 - 3 3 . lﬁ ﬁ + 3 . Pﬁ - =
mP Zb mP ;h mP ;b mPZb

»4

4p-qe 2(s-q)py 28,47 (e pp g’ 4&-p) gy
+ 3 lﬁ'}/;l_ 3 ¢7u+ ¢7u_ 3 Iﬁ'y;;_
mp; mp:. 3m P, Mp:. 3 mp:.

PYu

Puq v

th

_2e- @ pupy - 2(£-q) Pugy e (e p)pyé (P q)pyy ¢_pvq
Vv~ M

3mP SmP;b 3mp mp:. mp:,

2(e-9)q, (&-P)q*q, (e P)Puq’ pupv
3mp: PV mp. PV 3mp, Py = 3m

9¢ - 94

Yué

(p'q)pv (P Pq, 7q, (p-9dq, (e-p)py
AL L - + +
3 ;;b Vué . Vud 2mp Yué 3 Vud - Y

bb bb ' b

qu &by,

4(e-q)p, (e Py 4(e-9)qy Pud’
+ 3m* 7}1¢?+ ipe ypé"' 3mp: 'ypﬂ"'zmp* v+

bb bb bb P b

4 v : v v v v
D g DO DR gy Py ’,;”2" #ap+ (”351)”“ #4p
M P! P P P!

bb bb bb bb bb

2(p- q)pp
3, ——5—&4Y

bb

6]pC]v g,uv

¢¢11/5+ —— &4+ Y.+ B E Y — M +

wvn—’ﬁ g ZLDDL g Py

bh bb Pbl; Pbl;

20,4, 2 y y v y
31%61]]5# (p q)pquﬁ quqm,%r guww(p q)pm,#
P

—quddy, + 3

Izh bb bh

»a (p q)qv q 9y
P Py, +
Mip:

bb

5
B B 2 ") 20 a Py, s 6”” sty
bb bb Pbb

. 2 2
L PDpug ity — (p- q)un Yo 9’4y Pty pupy M¢— (p- q)pupv

3ms. m> 2m3,. 3m 3md.
Pbl) P/?b bl) th

P4¢

_ PuPvq
3m 4

M# pyqvwé (pq)pyqu# p”quMé (& p)vaﬂ

3m? m>
bb Pbb Pbb bb Pbb

113107-20



Magnetic dipole moments as probes of doubly-bottom molecular pentaquarks

Chin. Phys. C 50, 113107 (2026)

_ (SP)qV

(s-q)p#M _2e-p) (P9 Pu (8~p)q,1M7
v 2 v

m%zb lﬁﬂ%u_ m%’;;b 3m4* lﬁé7v+ mpzb
2 : )2 v ( ) v ( ) v ( )2 v
+(”3mizb”zﬁ vt g 115 i+ L ‘”; b ’;nfpjp Y+ %My#
v (p- q)q q 2(e-q)py 2(e-p)(p-q) Py
”2 R v L e L P
CE p)qv 2e- q)qv 2e-p)(p-9qy, 2(e-p) g
3mp’;b lﬁ yé mPZb ﬁyué_ 3m4;’2b 1157;42 Smeb ﬁ YuVv
e LD g D Dy o 2o g,
szh h mP 6 Pbb
(erip”élﬁ% e b= "M vt + Dt + T
SHED g, - iymyv (’;nf%; T S mf#
2(p-9qy 2(e-p)py 2(e-p)q,
+W ulﬁ<¢+3 #M_TPZ;, ylﬂfté—TVm#
Vg 2(e-q) py 2(e-q)q, (8 j2)
fmq 7#"?'5’*3% Yl + i, L v L S L
RGN 7 ¢+p,1q #os P iy
T eV Sy . Y T Yu
2
D ot LDy, O T L R
meb P;h
4 ey (p-q)pﬂ _
T P 6mpsz¢m+ g P b
(p- q) q Du (P9 pu Puq
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6. Stage (ii): imposition of the real-photon kinematics

In this stage, the kinematic conditions of real photons
are meticulously analyzed to ensure accurate data inter-
pretation. The experimental setup is designed to optimize
the detection of photon interactions, thereby enhancing
the precision of the measurements. The parameters are
carefully calibrated to align with theoretical predictions,
facilitating a robust comparison between experimental
results and theoretical models. This alignment is crucial
for validating the underlying physical theories and for
identifying any potential discrepancies that may warrant
further investigation. By maintaining stringent control
over the experimental conditions, the study aims to min-
imize systematic errors and improve the reliability of the
findings. Consequently, the results obtained from this
analysis are expected to contribute significantly to the ad-
vancement of knowledge in the field of photon interac-
tions.

[
are imposed on the unreduced expressions of Sec. C.1.
All Lorentz structures proportional to either ¢ or (s-¢q)
are thereby eliminated. The gamma-matrix ordering
Y.P¢47y, has not yet been applied at this stage, so the res-
ulting gauge-fixed expressions still contain Lorentz struc-
tures with vy, at the leftmost position, y, at the rightmost
position, or terms proportional to p, or p,. These struc-
tures originate from the spin-1/2 contamination of the in-
terpolating current Ju"(x), as parametrized in Eq. (30),
and will be removed in Sec. C.7.

The effect of the present stage is most pronounced in
the F3(¢?) and F,(¢*) sectors, whose unreduced struc-
tures exhibit a high density of ¢> and (e-q) factors inher-
ited from the vertex kinematics ¢¢”/(2mp: )* of Eq. (21).
The gauge-fixed expressions, organized by form factor,
are as follows.

7 =0, £-q=0 (C6) a. Gauge-fixed tensor structure proportional to F(q*)
prior to spin-1/2 contamination removal
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b. Gauge-fixed tensor structure proportional to Fy(q*) prior to spin-1/2 contamination removal
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c. Gauge-fixed tensor structure proportional to F3(g*)

prior to spin-1/2 contamination removal

In this section, we examine the gauge-fixed tensor
structure that is proportional to F3(g*), before addressing
the removal of spin-1/2 contamination. The analysis fo-
cuses on the implications of gauge fixing on the tensor

[
structure and its subsequent influence on the physical in-
terpretation of F3(¢®). This approach allows for a clearer
understanding of the underlying physics, as well as the
potential artifacts introduced by spin-1/2 contamination.
By isolating the gauge-fixed contributions, we aim to
provide a more accurate representation of the tensor
structure's role in the theoretical framework:
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d.  Gauge-fixed tensor structure proportional to Fy(q?) structure and its subsequent influence on the physical in-
) ) o terpretation of the results. By isolating the contributions
prior to spin-1/2 contamination removal

proportional to F4(¢%), we aim to clarify the role of gauge

In this section, we examine the gauge-fixed tensor  fixing in the context of spin-1/2 contamination. This ap-
structure that is proportional to F4(g?), before addressing proach allows for a more precise understanding of the un-
the removal of spin-1/2 contamination. The analysis fo- derlying physics and facilitates the identification of any
cuses on the implications of gauge fixing on the tensor potential artifacts introduced by the gauge-fixing process:
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7. Stage (iii): application of the gamma-matrix order-
ing and removal of spin-1/2 contamination

In this stage, we focus on the application of gamma-
matrix ordering to eliminate spin-1/2 contamination. The
gamma matrices are fundamental in the formulation of re-
lativistic quantum mechanics and play a crucial role in
the Dirac equation. Proper ordering of these matrices is
essential to ensure the accuracy of our calculations.

First, we systematically apply the gamma-matrix or-
dering to the relevant expressions. This process involves
arranging the matrices in a specific sequence that adheres
to the established conventions in quantum field theory.
By doing so, we maintain consistency with the theoretic-
al framework and facilitate the subsequent steps in our
analysis.

Next, we address the issue of spin-1/2 contamination.
This contamination arises from the mixing of spin states,
which can lead to inaccuracies in the interpretation of our
results. To mitigate this, we implement a series of trans-
formations that isolate the desired spin states, effectively
removing any unwanted contributions from spin-1/2
components.

The successful application of these techniques is crit-
ical for the integrity of our findings. By ensuring the cor-
rect ordering of gamma matrices and eliminating spin-
1/2 contamination, we enhance the precision of our the-
oretical predictions and align them with experimental ob-
servations.

The interpolating current i () couples not only to
the spin-3/2 ground state but also to spin-1/2 states with
the same quantum numbers, as parameterized in Eq. (30).
Following the methodology outlined in Refs. [75, 76], the
spin-1/2 contamination is removed from the gauge-fixed
expressions in Sec. C.6 as follows. All Dirac chains are
reordered into the canonical form vy, p¢ ¢y, using the anti-
commutation identity {y,,¥s} = 2gqs. After this reorder-
ing, any term in which v, is not at the leftmost position,
v, 18 not at the rightmost position, or which is proportion-
al to p, or p,, is discarded as spin-1/2 contamination.

Additionally, we utilize the on-shell condition for the
outgoing pentaquark state, (P+Q)2 _mp . This,
bined with the on-shell condition p* = mibh already estab-
lished in Sec. C.1 and the real-photon condition ¢* =0
imposed in Sec. C.6, implies the kinematic constraint

com-

+a)V—p?—g?
(p'q):(p q)zp T _y

(C11)

All Lorentz structures proportional to (p-g) in the
gauge-fixed expressions of Sec. C.6 consequently vanish
and are eliminated at this stage.

The resulting expressions from these operations, or-
ganized by form factor, are presented below. They con-
tain only Lorentz structures of two kinematically ortho-
gonal classes: those proportional to g,,, which convey in-
formation on F,(¢%) and F,(g%), and those proportional to
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4.9v,» which convey information on Fs(¢*) and Fu(g%).
These expressions serve as the input for the projection in
Sec. C.8.

a. Spin-1/2-eliminated tensor structure proportional to

Fl(CI2)
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b. Spin-1/2-eliminated tensor structure proportional to
Fy(q)

In this section, we examine the tensor structure that
arises when the spin-1/2 component is eliminated, spe-
cifically focusing on its proportionality to F,(g*). The
analysis begins by considering the relevant equations that
describe the interaction dynamics. These equations are
derived from the fundamental principles governing the
system and are essential for understanding the underly-
ing physics.

To achieve a comprehensive understanding, we first
outline the theoretical framework. This framework
provides the basis for the subsequent derivation of the
tensor structure. By systematically applying the appropri-
ate mathematical transformations, we isolate the terms
that contribute to the spin-1/2 elimination. This process
involves careful manipulation of the equations to ensure

that all relevant factors are accounted for.

Once the spin-1/2 component is effectively removed,
the resulting tensor structure is analyzed in detail. The
proportionality to F,(¢?) is a key feature of this structure,
and it is crucial to understand how this relationship influ-
ences the overall behavior of the system. We explore the
implications of this proportionality, considering both the-
oretical predictions and potential experimental observa-
tions.

In conclusion, the elimination of the spin-1/2 com-
ponent leads to a distinct tensor structure that is directly
proportional to F,(g*). This finding has significant im-
plications for the study of the system, providing insights
into both its theoretical and practical aspects. Further re-
search is needed to explore the full range of con-
sequences arising from this proportionality, particularly
in relation to experimental validation and potential ap-
plications:

2 ‘ v v 2 ‘ v v
Fagy |- ZED g g g ZE Dy g g0 ZEDDE o g, g- gy
bb PZ}) P;;b bb
24,9, 2e,q, 2 v v v
b g+ S = S Dy Dy 2 gy ). (1D
bb P b Phy

c. Spin-1/2-eliminated tensor structure proportional to
F; (‘]2)

In this section, we examine the tensor structure that
arises when the spin-1/2 component is eliminated, spe-
cifically focusing on its proportionality to Fs(g*). The
analysis begins by considering the relevant terms in the
Lagrangian, which contribute to the tensor structure.
These terms are carefully selected to ensure that the spin-
1/2 component does not contribute to the final expres-
sion.

To achieve this, we employ a systematic approach
that involves decomposing the tensor into its constituent
parts. This decomposition allows us to isolate the contri-

butions that are directly proportional to F3(g%). By doing
so, we can clearly identify the terms that are independent
of the spin-1/2 component.

The resulting tensor structure is then analyzed to de-
termine its physical implications. This analysis reveals
that the elimination of the spin-1/2 component leads to a
simplification of the tensor, making it more tractable for
further theoretical investigations. Additionally, the pro-
portionality to Fs(¢?) provides insights into the underly-
ing symmetries of the system.

In conclusion, the elimination of the spin-1/2 com-
ponent from the tensor structure not only simplifies the
mathematical formulation but also enhances our under-
standing of the physical processes involved. This ap-
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proach offers a clearer perspective on the role of F3(4?) in

_EPad i, (P4

(&P gy

the context of the studied interactions:
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d. Spin-1/2-eliminated tensor structure proportional to
Fy(q®)

In this section, we examine the tensor structure that
arises when the spin-1/2 component is eliminated, spe-
cifically focusing on its proportionality to Fy(g*). The
analysis begins by considering the relevant equations that
describe the interaction dynamics. These equations are
crucial for understanding the underlying physical pro-
cesses.

To achieve a comprehensive understanding, we first
outline the theoretical framework. This involves a de-
tailed examination of the spinor algebra and the associ-
ated transformation properties. By systematically apply-
ing these principles, we can isolate the terms that contrib-
ute to the tensor structure of interest.

Next, we derive the expressions that explicitly show
the dependence on F,(¢?). This derivation is essential for
identifying the specific contributions of the spin-1/2
component. Through careful algebraic manipulation, we
ensure that the resulting expressions are both accurate
and concise.

Finally, we discuss the implications of these findings
in the context of the broader theoretical model. The elim-
ination of the spin-1/2 component simplifies the tensor
structure, allowing for a more straightforward interpreta-
tion of the results. This simplification is particularly be-
neficial for subsequent computational analyses and exper-
imental validations.

In conclusion, the spin-1/2-eliminated tensor struc-
ture, proportional to F,(¢?), provides valuable insights in-
to the interaction dynamics. The methodological ap-
proach outlined here serves as a robust foundation for fur-
ther investigations in this area:

_ (e'p)qﬂqur 9u9v

4m3,. 8 mp:
P},/, Pbb

F4(€]2) x g4

_(&-pP)gugy
3
4,

9udv
amp,
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8. Stage (iv): projection onto the independent lorentz
structures

In this stage, we focus on projecting the amplitude
onto the independent Lorentz structures. This process is

2m>.
Pbb

q 49— pé4q|. (C14)

2m3. Pi- Am?,.

2m P*
bb bb bb

crucial for simplifying the analysis of the scattering amp-
litude. The amplitude can be expressed as a linear com-
bination of Lorentz structures, each multiplied by a cor-
responding form factor. To achieve this, we first identify
the complete set of independent Lorentz structures relev-
ant to the process under consideration.

The projection is performed by contracting the amp-
litude with specific tensors that isolate each Lorentz
structure. These tensors are carefully chosen to ensure or-
thogonality with respect to the other structures. By apply-
ing these projection tensors, we can extract the coeffi-
cients of the form factors associated with each Lorentz
structure.

Once the projection is complete, the amplitude is rep-
resented in terms of these form factors. This representa-
tion facilitates further analysis, such as the evaluation of
physical observables or the comparison with experiment-
al data. It is important to note that the choice of Lorentz
structures and projection tensors depends on the symmet-
ries and conservation laws applicable to the process.

In summary, the projection onto independent Lorentz
structures is a vital step in the analysis of scattering amp-
litudes. It allows for a systematic decomposition of the
amplitude, enabling a clearer understanding of the under-
lying physics.

The expressions in Sec. C 7, when combined with the
propagator denominator of Eq. (C1), contain only Lorentz
structures that fall into two kinematically orthogonal
classes. Structures proportional to g, convey informa-
tion about F(¢?) and F,(¢?), while structures proportion-
al to g,q, convey information about F;(¢?) and Fy(q?).
Within each class, the form factors are isolated by pro-
jecting onto specific Lorentz structures, which are distin-
guished by their Dirac chain content:

® F (g is derived from the coefficient of g, p&¢;
® Fy(q?) is derived from the coefficient of g,,#4.
® F3(q?) is derived from the coefficient of g,q,44.

e Fug*» is derived from the coefficient of

(e Paari

The selection of these specific structures, among the
various linearly independent options available, is driven
by their higher mass dimension, which enhances pole-
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dominance behavior and improves operator-product-ex-
pansion convergence. Alternative projections were evalu-
ated and produced predictions consistent with those
presented here, within a 5% margin, as previously men-

tioned in Sec. II. The outcome of this projection aligns
with the concise expression in Eq. (36), which serves as
the basis for extracting the magnetic dipole moment at the
real-photon point ¢* = 0.
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