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Abstract: Primordial black holes (PBHs) form when large primordial curvature perturbations re-enter the Hubble
radius and exceed the classical collapse threshold. These perturbations originate as quantum fluctuations of the infla-
tionary vacuum, which motivates a quantum-information description of the scalar sector responsible for PBH pro-
duction. We develop a conservative extension of the standard PBH and scalar-induced gravitational-wave (SIGW)
framework, in which Gaussian quantum discord is used as a diagnostic of residual quantum correlations rather than
as a new PBH formation criterion. We describe each (k,—k) pair as a two-mode Gaussian state and show that, in the
pure squeezed limit, discord grows rapidly with the squeezing parameter; consequently, low discord thresholds are
automatically satisfied for strongly squeezed modes. The nontrivial regime is the mixed state produced by decoher-
ence. Using a Lindblad open-system description, we motivate a Gaussian loss channel for the scalar covariance mat-
rix and distinguish discord from a covariance-survival factor Qq.. (k). If the decoherence channel suppresses the scal-
ar two-point covariance, the PBH abundance can be affected through the classical collapse variance, while the SIGW
spectrum is modified more directly by the factors Q. (ku)Qqe.(kv) Within the radiation-era convolution. For a narrow
scalar peak and slowly varying Qj., this yields the benchmark scaling Ogff, ~ Q3 Q¢l%s. Thus, quantum discord and

decoherence provide a controlled way to characterize the quantum-to-classical transition of PBH-producing perturb-

ations, with the clearest imprint appearing in scalar-induced gravitational waves.
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I. INTRODUCTION

Primordial black holes (PBHs) offer,a rare observa-
tional handle on the small-scale primordial Universe [1].
The cosmic microwave background (CMB) probes
curvature perturbations on very large scales, whereas
PBHs are sensitive to much shorter wavelengths that re-
enter the Hubble radius during the radiation era. If the
primordial curvature perturbation is sufficiently en-
hanced on these scales, rare overdense regions may col-
lapse gravitationally to form black holes. This makes
PBHs a useful probe of inflationary dynamics far beyond
the CMB window [2—6]. At the same time, PBH forma-
tion is not determined by the power spectrum alone. The
collapse is a classical nonlinear process that depends on
the density contrast, the compaction function, the equa-
tion of state, and the shape of the perturbation profile
[7-10]. This distinction is important: the mechanism that
generates large primordial fluctuations belongs to infla-
tionary physics, whereas the final collapse into PBHs is
governed by classical gravitational dynamics at horizon
re-entry.
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One simple and efficient way to enhance the scalar
power spectrum is to include a short non-attractor phase
during inflation. A typical example is ultra-slow-roll
(USR) evolution, in which the inflaton potential becomes
locally very flat and the inflaton velocity is rapidly
damped by the expansion of the Universe [11, 12]. Dur-
ing this stage, the slow-roll parameter decreases approx-
imately as exa®, and the would-be decaying mode of
the curvature perturbation grows outside the Hubble radi-
us. As a result, the curvature perturbation can be ampli-
fied by many orders of magnitude over a narrow range of
scales. This provides a natural route to PBH formation
and also sources a stochastic scalar-induced gravitational-
wave (SIGW) background when the enhanced scalar
modes re-enter the horizon during radiation domination
[13—17]. For related higher-dimensional scenarios in-
volving primordial black holes and scalar-induced gravit-
ational waves, see Refs. [18, 19].

The SIGW signal is especially important because it
provides an indirect probe of the same small-scale scalar
fluctuations responsible for PBH production. Even if
PBHs constitute only a small fraction of the dark matter,
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the accompanying induced gravitational waves may be
observable by pulsar timing arrays, space-based detect-
ors, or ground-based interferometers, depending on the
peak scale of the scalar spectrum [20—24]. In this sense,
PBHs and SIGWs form a closely related pair of observ-
ables: PBHs probe the rare tail of the density fluctuations,
while SIGWs probe the two-point scalar covariance
through the second-order tensor source.

There is, however, a quantum question underlying
this classical PBH/SIGW picture. The primordial
curvature perturbations that later seed PBHs are believed
to originate from quantum vacuum fluctuations gener-
ated during inflation and subsequently stretched to cos-
mological scales [25—27]. At the level of linear cosmolo-
gical perturbation theory, each pair of opposite Fourier
modes, (k,—k), evolves into a two-mode squeezed Gaus-
sian quantum state due to parametric amplification by the
expanding background [28—31]. After horizon exit, the
squeezing parameter becomes very large, and the perturb-
ations behave in many practical respects like a classical
stochastic field, although the covariance matrix contin-
ues to encode information about their quantum origin.
This issue is closely related to the quantum-to-classical
transition of inflationary perturbations, which has been
extensively studied using squeezing, decoherence, and
the emergence of classical stochastic’ correlations
[30-32].

Quantum-information theory provides a useful lan-
guage for making this question more precise. Entangle-
ment is one possible measure of ‘quantumness, but it is
not the only one. In mixed Gaussian states, entanglement
can disappear while weaker quantum correlations remain.
Gaussian quantum discord is designed to capture this
broader class of quantum correlations [33—36]. In cosmo-
logy, such covariance-matrix diagnostics have been used
to study the quantum nature of inflationary perturbations
and their behavior under decoherence [37—41]. These
ideas suggest that PBH-producing modes should not be
viewed solely as a classical random field from the outset;
rather, their quantum origin and subsequent decoherence
may leave useful information in the Gaussian covariance
structure.

The aim of this work is to apply this viewpoint to the
PBH and SIGW problem in a conservative way. We do
not propose that quantum discord replaces the PBH col-
lapse threshold. PBH formation remains a classical
threshold process: a sufficiently large density perturba-
tion must re-enter the Hubble radius and collapse. In-
stead, we use Gaussian quantum discord as a diagnostic
of the residual quantum correlations carried by the PBH-
producing curvature modes. This allows us to ask a
sharper question: after decoherence, how much of the ori-
ginal quantum structure of the squeezed state can survive,
and can the same open-system dynamics modify the scal-
ar covariance that enters PBH and SIGW observables?

To describe this effect, we treat the scalar perturba-
tions as an open quantum system interacting with envir-
onmental degrees of freedom. These degrees of freedom
may represent other light fields, short-wavelength modes,
tensor perturbations, or unobserved sectors. After tracing
over the environment, the reduced state of a given (k,—k)
pair becomes mixed. In such a mixed state, entanglement
may be erased while Gaussian discord remains nonzero.
At the same time, the scalar two-point covariance may or
may not be suppressed, depending on the microscopic de-
coherence channel. For example, a pure dephasing chan-
nel can destroy phase coherence without changing the
equal-time power spectrum, whereas a dissipative attenu-
ation channel ‘can reduce the covariance itself [32,
42-44].

We parametrize the possible covariance-level effect
by writing

PLK) = Quec k) PE (), (1)

where Qq..(k) is a model-dependent covariance-survival
factor. It should not be identified with Gaussian discord
itself. Discord diagnoses residual quantum correlations in
the Gaussian state, whereas Qg.. measures how much of
the scalar two-point function survives in a specified open-
system channel. This distinction is central to our analysis.
If the scalar covariance is suppressed, the PBH abund-
ance changes through the smoothed density variance that
enters the classical collapse probability. The SIGW spec-
trum is affected more directly because the induced tensor
source is quadratic in scalar perturbations. In the radi-
ation-era convolution, the effective spectrum contains the
product Qge.(ku)Quec(kv). For a narrow scalar peak and
slowly varying Qu., this reduces to the useful bench-
mark relation

o, = 3.8 @
This scaling is therefore a consequence of scalar covari-
ance suppression, not a direct production of gravitational
waves by quantum discord. A crucial limitation of this
parametrization is that, if Qq.. 1S constant across the sup-
port of a narrow scalar peak, then the replacement

A{ — Asz = QdecA{ (3)

is exactly degenerate, at the level of the PBH abund-
ance and the Gaussian SIGW two-point prediction, with a
classical model having a smaller primordial peak amp-
litude. More generally, a scale-dependent Qg..(k) is de-
generate with a modified primordial spectral shape un-
less the inflationary spectrum or the environmental dy-
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namics is independently constrained. Consequently, PBH
and SIGW measurements alone determine the effective
scalar covariance #¢"; they do not uniquely identify de-
coherence. In the remainder of the paper, the constant-
Qe curves are therefore used as sensitivity benchmarks,
while Sec. IV presents one explicit open-system realiza-
tion that maps bath parameters onto Qg..(k). Even in that
realization, breaking the degeneracy requires external in-
formation on either the primordial spectrum or the sys-
tem—environment coupling.

In this paper, we connect three ingredients that are of-
ten discussed separately: the squeezed quantum state of
inflationary perturbations, the open-system description of
decoherence, and the classical PBH/SIGW phenomeno-
logy generated by an enhanced scalar power spectrum.
Recent studies have also explored related questions, in-
cluding quantum memory, induced tensor coherence, and
residual discord in secondary gravitational-wave back-
grounds [45, 46]. Here, we focus specifically on the
PBH-producing scalar modes and on how a covariance-
level decoherence factor can enter the PBH abundance
and SIGW spectrum without altering the classical col-
lapse condition.

The paper is organized as follows. In Sec. II, we re-
view the background dynamics of ultra-slow-roll infla-
tion and the super-Hubble growth of the curvature per-
turbation. In Sec. III, we describe each (k,—k) pair as a
two-mode squeezed Gaussian state and introduce the cor-
responding entanglement and Gaussian-discord dia-
gnostics. In Sec. IV, we present the open-system descrip-
tion of decoherence and derive the Gaussian loss-channel
form of the covariance matrix. In Sec. V, we discuss the
timing of decoherence relative to horizon exit, reheating,
and radiation-era horizon re-entry. In Sec. VI, we review
the PBH abundance calculation and explain how a covari-
ance-survival factor can modify the variance entering the
classical collapse probability. In Sec. VII, we derive the
corresponding modification of the scalar-induced gravita-
tional-wave spectrum and specify the conditions under
which the approximate Q3. scaling is valid. Numerical il-
lustrations are presented in Sec. VIII, and we summarize
our conclusions in Sec. IX.

II. ULTRA-SLOW-ROLL ENHANCEMENT

A. Background dynamics

We first review the background dynamics of ultra-
slow-roll inflation. The main purpose of this section is to
demonstrate how a short non-attractor phase can strongly
amplify the curvature perturbation on small scales,
thereby providing the necessary conditions for primordi-
al-black-hole formation and the associated scalar-in-
duced gravitational-wave signal [11, 47]. We consider a
canonical single-field inflationary model minimally

coupled to gravity [48, 49]. The action is
4 Ml%l 1 %
S=[dx+\-g TR_ Egﬂ 0,00,0-V(@)|. 4

Here, Mp is the reduced Planck mass, ¢ is the inflaton
field, and V(¢) is the inflationary potential. For a spa-
tially flat FLRW background,

ds® = —dt* + d*(Hdx’, 5)
the homogeneous background equations are
SMAH = 36 + V(o). ©)
“OMH =, ()
and
$+3Hp+V,=0. (8)

The first equation is the Friedmann equation and determ-
ines the expansion rate in terms of the inflaton energy
density. The second equation shows that the time vari-
ation of H is governed by the kinetic energy of the field.
The third equation is the Klein-Gordon equation for the
homogeneous inflaton field. The term 3H¢ represents
Hubble friction, while V, is the force generated by the
potential. It is useful to introduce the Hubble slow-roll
parameters

H b?
T TH T ZIﬁM2 : ©)
Pl
and
€ dlne
= — = — 10
M= e T AN (10)

where N =Ina is the number of e-folds. In ordinary slow-
roll inflation, € varies slowly and |ny| < 1. Ultra-slow-roll
inflation is different. It is a non-attractor regime in which
the potential becomes locally very flat,

V,~0, (11)

In this limit, the inflaton equation of motion reduces
to

$+3Hp ~0. (12)
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This equation has a straightforward physical interpreta-
tion. Since the potential force is negligible, the field velo-
city is damped almost entirely by Hubble friction. For ap-
proximately constant H, the solution is

poca (13)
Therefore, the kinetic energy decreases very rapidly.
P oca®. (14)

Using the definition of ¢, this yields

= ¢2 «a’. (15)
2H>M?,
Since N =Ina, we then obtain
dlne
NH dN (16)

Thus, canonical ultra-slow-roll inflation is characterized
by

nn = —0. (17)

This result is important because USR is not an attract-
or phase. In ordinary slow-roll inflation, the curvature
perturbation becomes conserved after horizon exit. In
USR, however, the would-be decaying mode grows on
super-Hubble scales. This growth can significantly en-
hance the curvature power spectrum on small scales,
making USR a natural mechanism for producing PBHs
and scalar-induced gravitational waves [11, 12, 14, 15].

Finally, we clarify the convention used for the second
slow-roll parameter. In this work, we define

_dlne
=N

(18)

With this definition, canonical USR yields ny ~ —6. Some
papers instead use the field-acceleration parameter

P

“HE (19)

Ny =

for which USR yields 54 =~ 3. These two statements are
not in conflict; they simply correspond to different defini-
tions.

B. Growth of the curvature perturbation

For a canonical single-field model, scalar perturba-
tions are conveniently described in terms of the Mukhan-

ov—Sasaki variable v; = z¢;, where

z2=aV2eMp,. (20)

Here, £ denotes the comoving curvature perturbation,
and a prime indicates a derivative with respect to con-
formal time 7. The wvariable v, satisfies the
Mukhanov—Sasaki equation

v,;'+<k2—%)vk=0. Q1)

Equivalently, using v; = z{;, one obtains the equation for
the curvature perturbation,

{+2G+RG=0. (22)

These equations are standard in the theory of inflationary
perturbations [50—52].

On super-Hubble scales, k < aH, the gradient term
can be neglected. In cosmic time, this gives

< (@et) =0 23)

Therefore, the general super-Hubble solution can be writ-
ten as

t dt/
&) =C, +C2/ W- (24)

The first term is the constant mode, whereas the second
term is the mode that usually decays in ordinary slow-roll
inflation.

In ordinary slow-roll inflation, ¢ is approximately
constant. Hence

toodr 5
/ Ser) @)

Thus, the second mode decays, and ¢ becomes con-
served after horizon exit. This is the usual attractor beha-
vior of single-field slow-roll inflation.
In USR, the situation is different. Since € o« a™®, the
integrand in Eq. (24) behaves as
1 3
— o« d (26)

a’e

For approximately constant H, this yields

' ar ' sy 3
/Wx/dta(t)oca. (27)
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Thus, the would-be decaying mode becomes a growing
mode during USR,

focd. (28)

If the USR phase lasts for AN e-folds, the curvature per-
turbation is therefore enhanced.

gk o eSAN.

(29)

Since the power spectrum is quadratic in ¢, the corres-
ponding enhancement of the curvature power spectrum is

P (k) o< V. (30)

This super-Hubble growth is the fundamental mech-
anism by which a short USR stage can generate a large
peak in the small-scale curvature power spectrum. Such a
peak can seed PBH formation after horizon re-entry and
can also source a scalar-induced gravitational-wave back-
ground at second order [11, 12, 14, 15]. In a realistic
model, the exact height and shape of the peak also de-
pend on the duration of the USR phase, the transitions in-
to and out of USR, and the matching of perturbation
modes across these phases. Therefore, Eq. (30) should be
understood as an idealized scaling for an approximately
constant-H USR stage, rather than as a complete numeric-
al prediction for every mode.

III. GAUSSIAN QUANTUM STATE AND
DISCORD

A. Two-mode squeezed vacuum

We now describe the quantum state of the scalar per-
turbations. At linear order, each Fourier mode of the
curvature perturbation behaves as a quantum harmonic
oscillator with a time-dependent frequency. Owing to
spatial translational invariance, modes with opposite mo-
menta, k and —k, are produced in correlated pairs. Start-
ing from the Bunch—Davies vacuum, the late-time state of
each pair is well described by a two-mode squeezed
Gaussian state [30, 31, 37].

We now specify the canonical mode basis used in Eq.
(34). The canonical field is the Mukhanov—Sasaki vari-
able v(r,x) =z(r){(1,x), with conjugate momentum
m, =Vv. Since v is real,

JCRN A

Vi =V_k, Trv,k =Ty k-

G1)

We choose a fixed Bunch—Davies reference time 7, in

the asymptotic sub-Hubble regime, where —kr, > 1, and
define

ko . _\/?A i,
ak—\/;vk+ mﬂv,k’ a_y = 2V—k+ mﬂwk’
(32)

where the operators on the right-hand side are evaluated
at 7o. The number states |n;,n_;) below are the Fock
states generated by these fixed Bunch—Davies annihila-
tion operators. This convention also makes explicit that
the field Fourier amplitudes are not two independent
complex fields; the independent real degrees of freedom
can equivalently be represented by cosine and sine
modes,

) ar +a_x

ac ,
V2

s _ Gk —d-k

N (33)
The (k,—k) and (c,s) descriptions are related by a linear
canonical transformation, but they define different sub-
system partitions. Accordingly, mode entanglement and
discord are basis- and partition-dependent quantities in a
time-dependent spacetime. We therefore adopt the fixed
Bunch-Davies momentum-mode partition as a stated
convention, rather than claiming that it is unique or basis-
invariant. Physical correlators of ¢, and hence PBH and
SIGW observables, are independent of this bookkeeping
choice [37, 53].

For each pair (k,—k), we write the state as

=S}

Z (=€ tanhry)" Ing, n_).

1
coshry

W) = (34

Here, r, is the squeezing parameter, and ¢; is the squeez-
ing phase. This is the standard two-mode squeezed form
of inflationary perturbations, in which opposite Fourier
modes are correlated by the time-dependent background
[28-31, 37]. The parameter r; quantifies the strength of
the correlation between the two modes. The mean occu-
pation number of each mode is

iy = sinh’ ry. 35)
Thus, when r; becomes large, the state contains many
correlated quanta. This is one reason why inflationary
perturbations can appear classical after horizon exit, al-
though their origin is quantum mechanical.

To describe the state in phase space, we introduce the
quadrature operators

aj+aj

36
5 (36)

q;=
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and
Aot
L 474 (37)
pj l \/z .
They satisfy the canonical commutation relations.
[qi,ﬁj] = i5,-j. (38)
Using the quadrature vector
R:(@k,ﬁk,fl—k»ﬁ—k)T, (39)
the covariance matrix is defined by
| PN
Vij= E(RiRj"'RjRi)_(Ri)(Rj)- (40)

These phase-space conventions are standard in continu-
ous-variable Gaussian quantum information [36]. For a
suitable choice of squeezing phase, the covariance matrix
of the two-mode squeezed vacuum takes the standard
form

cosh2r 0 sinh2r 0
Vi = 1 0 cosh2r 0 —sinh2r
2 | sinh2r 0 cosh2r 0
0 —sinh2r 0 cosh2r

(41)

For a general squeezing phase ¢, this matrix is rotated in
phase space. However, the symplectic eigenvalues and
entropy-based correlation measures remain unchanged
under such a local phase-space rotation [36]. With the
convention used above, the vacuum covariance matrix is

1
Viae = 514 42
Sk (42)

Therefore, the vacuum symplectic eigenvalue is 1/2. The
full two-mode squeezed state in Eq. (34) is pure, and its
two symplectic eigenvalues are

1
Ve=v_=—.

5 (43)

However, if one traces out the partner mode —k, the re-
maining single mode is in a mixed state. Its reduced cov-
ariance matrix is

1
Vk = Ecosthklz. (44)

This reduced mixedness gives rise to the entanglement

entropy between the two modes, and for a pure bipartite
Gaussian state, it is also equal to the Gaussian quantum
discord [34-37].

B. Pure-state discord

We next compute the quantum discord of the pure
two-mode squeezed state. For a single bosonic mode with
occupation number z, the von Neumann entropy is

g(n) =(n+1)log,(n+1)—nlog,n. (45)
The logarithm is taken to base two; therefore, the entropy
is measured in bits.

For a pure bipartite state, the quantum discord is
equal to the entropy of either reduced subsystem. There-
fore, for the pure two-mode squeezed state, we obtain

DY"(r) = g(sinh’ 7). (46)
This result is simple but important. In a pure squeezed
state, large squeezing automatically implies large
quantum discord. Thus, for pure states, quantum discord
mainly tracks the amount of squeezing; by itself, it does
not provide a new PBH collapse criterion.

For illustration, one finds

D(0.2) = 0.247, 47)

Ds(1.0) = 2.337, (48)
and

Ds(1.3) ~ 3.196. (49)

A low threshold such as D = 0.2 bits is already reached
at approximately

ra = 0.175. (50)

This shows that, in the pure-state limit, PBH-produ-
cing modes are expected to exhibit large discord once
they become strongly squeezed. Therefore, in this work,
discord does not replace the classical PBH threshold. In-
stead, it serves as a diagnostic of residual quantum correl-
ations, especially after decoherence has rendered the state
mixed [34, 35, 37].

IV. MICROSCOPIC MODEL OF DECOHERENCE

A. System-environment interaction
The pure two-mode squeezed state discussed above
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provides an idealized description of scalar perturbations
in a closed system. The physically nontrivial case arises
when the PBH-producing curvature modes are treated as
an open quantum system. In that case, the relevant pair
(k,—k) is described not by a pure state, but by a reduced
density matrix obtained after tracing over environmental
degrees of freedom. These environmental modes may
represent other light fields, short-wavelength scalar
modes, tensor modes, or unobserved sub-Hubble fluctu-
ations. Such open-system descriptions have been used ex-
tensively to study the quantum-to-classical transition of
inflationary perturbations and the possible observational
consequences of decoherence [42, 44, 54—56].

We model the environment as a collection of harmon-
ic oscillators,

(1)

Henv = Z w/lbzb/b
A

and assume that the curvature-mode pair interacts weakly
with this bath. The total Hamiltonian can be written
schematically as

HIOI - HSyS +Henv +H1nt’ (52)

where H,y, describes the two-mode scalar system, and
Hy, contains the system—environment coupling. For ex-

ample, a linear coupling may be written schematically as

Hiy = Zg/if( (b/i + b:ri) ’ (53)
A

where X is a linear combination of the system quadrat-
ures, and g, are coupling constants. More complicated
gravitational or self-interaction channels can also lead to
decoherence, but the simple linear model is sufficient to
motivate the Gaussian channel used below.

After tracing over the environment, the reduced dens-
ity matrix of the two-mode system is

psys(t) = Trenvpmt(t)- (54)

In the weak-coupling and Markovian limit, the reduced
dynamics can be expressed in Lindblad form,

dpsys ;

Tty = eﬁspsys Zyj ( /psys

{L L],psys}> .
(55)
Here, H.s is the effective system Hamiltonian, L; are

Lindblad jump operators, and y; are positive rates de-
termined by the coupling strengths and the bath spectral

density. This equation preserves the positivity and trace
of the density matrix and provides a controlled phe-
nomenological description of dissipative and decohering
dynamics [57, 58].

For concreteness, an explicit realization of Egs. (52)
and (55) is a thermal-loss model in which each member
of the pair couples to a stationary bosonic bath. After the
rotating-wave, Born—Markov, and secular approxima-
tions, one obtains

dp _

= —ilHanp] + T > [+ DDlaglp +mDlallp]

sS=%

(56)
where iv=+,— labels the +k and —k modes, D[L]p =
LpL' = 3{L'Lp}, and n; = [exp(wi/Ten) ~ 117, and

Ly =2nJ(wy),

Jw =) lealfsw-w) (57
A

is'the bath spectral density. Over the interaction interval
At, the corresponding transmissivity is

n(k) = expl-T}At]. (58)

If the relevant interaction is localized around an epoch
a=a, and the bath is approximately described near the

scales of interest by J(w)=J.(w/w.)*, then w; ~k/a,
yields
k [0
n(k) = exp {—y* (l?) } , v, =2nJ . At. (59)
For the thermal-loss channel,
Pzﬂ(k) = ﬂ(k)?’?ass (k) + [1 —n(k)1P;" (k) (60)
so that
(k) =n(k) + [1—n(k) ) 61
+ —
Qdec n [ n ]Pdass(k) ( )

In the cold-bath, strongly amplified regime, P"™ <« P¢s,
the explicit functional form becomes

Q) =exp | . <;§H |

This construction connects Qg.. to microscopic quantit-
ies—the bath spectral density, coupling strengths, bath
occupation, and interaction time. By itself, however, it

(62)
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does not remove the observational degeneracy emphas-
ized in Eq. (3). That degeneracy is broken only if some of
these microscopic quantities, or the unattenuated primor-
dial spectrum, are constrained independently.

For a Gaussian system, it is convenient to work with
the quadrature vector

(63)

If the Hamiltonian is quadratic in the quadratures and the
Lindblad operators are linear in the quadratures, then
Gaussianity is preserved. In that case, the full state is
characterized by its first moments and covariance matrix.
Since the first moments vanish for the states considered
here, the relevant information is contained solely in the
covariance matrix.

B. Covariance matrix evolution
The covariance matrix is defined as

Vij= =(RiR; + R;R:) — (R)R)). (64)

N —

For a Gaussian Lindblad equation, V' satisfies a linear
Lyapunov equation,

av

—— =KV+VKT +D. 65
” + + (65)

Here K is the drift matrix, and D is the diffusion matrix.
Both are determined by the effective Hamiltonian and the
Lindblad operators. The drift matrix describes the de-
terministic damping and rotation of the phase-space vari-
ables, whereas the diffusion matrix characterizes the
noise injected by the environment.

The multiplicative quantity Qq..(k) used later is not a
generic consequence of an arbitrary Lindblad equation.
Its controlled domain of applicability is the Gaussian sec-
tor, in which the system Hamiltonian is at most quadratic
in the canonical quadratures and the Lindblad operators
are linear in them. In that case, a finite-time Gaussian
channel acts as

V— XVXT +Y, (66)

where, under our convention [R;,R;] =iQ;; and vacuum
covariance //2, complete positivity requires

Y+ (@-XOXT) 50, 67)

A Markovian Lindblad evolution with non-negative rates

generates a completely positive, trace-preserving semig-
roup, while the additional quadratic and linear assump-
tions described above ensure the preservation of Gaus-
sianity [36, 57, 58].

We express the covariance matrix in block form as

Ve Vi Ve ’

VIV
where V, and V; are the local covariance matrices of the
two modes k and —k, respectively, while V¢ contains their
correlations. For- a local attenuation channel acting

identically on the two modes, the solution of Eq. (65) can
be written as

(68)

1
=gV + (1) (et 5 ) (©9)
) ©) 1
VB :nVB +(1_77) nenv+§ 12, (70)
and
Ve =nve. (71)

Here, VY, V", and VY’ denote the initial blocks of the
pure two-mode squeezed covariance matrix in Eq. (68).
The parameter 7 denotes the transmissivity of the Gaussi-
an attenuator channel. For a constant damping rate I, one
has

n=e"'. (72)

The environmental occupation number is

1

- exp(w/Tenv) - 1 ’ (73)

nenv

where w =~ k/a is the physical frequency of the mode, and
T.n is the effective temperature of the environment.
Equations (69)—(71) should be understood as describ-
ing a specific dissipative Gaussian channel, rather than
the most general form of cosmological decoherence. This
distinction is important. Pure dephasing can suppress the
off-diagonal elements of the density matrix without chan-
ging the equal-time power spectrum, whereas an attenu-
ation channel can also reduce the covariance. Therefore,
the covariance-suppression factor used later in the PBH
and SIGW calculations is a model-dependent quantity. In
the present setup, the effective scalar power spectrum
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may be parametrized as

P (k) = Quec )P (). (74)

Equation (74) is well defined whenever the equal-
time scalar power at the output is positive and
P}"“”(k) # 0. However, for a general noisy Gaussian chan-
nel, the resulting Q4. need not lie between zero and one,
because diffusion or a populated environment can in-
crease the covariance. The restriction 0 < Qg < 1 used in
the attenuation benchmarks therefore applies specifically
to an attenuation-dominated, sufficiently cold environ-
ment.

We use the channel terminology in the following re-
stricted sense. Pure dephasing suppresses phase coher-
ence in a preferred basis but need not alter the equal-time
scalar power; thus, it can yield Qu. = 1. Dissipation de-
notes irreversible energy or amplitude loss through the
drift matrix. Diffusion denotes the environmental noise
encoded by D (or Y at finite time). A physical attenu-
ation channel combines contractive drift with the minim-
um or thermal noise required by complete positivity.
Hence, the power suppression used in the PBH and
SIGW sections is not attributed to "decoherence" in gen-
eral; rather, it is specifically the covariance-level con-
sequence of a dissipative attenuation channel. A noisy or
amplifying environment can instead leave the power un-
changed or increase it.

C. Entanglement and discord

We now describe how entanglement and Gaussian
discord are computed from the mixed covariance matrix.
For a two-mode Gaussian state written in the block form
of Eq. (68), the symplectic eigenvalues are

A+ VA2 -4detV
V= @ —,

2

(75)

where

A = det VA +det VB +2det Vc. (76)
Physical covariance matrices satisfy v, > 1/2.

Entanglement is diagnosed using the partially trans-
posed covariance matrix. At the covariance-matrix level,
partial transposition corresponds to reversing the sign of
one momentum quadrature. The corresponding symplect-
ic invariant is

A = detV, +det Vg —2det V. (77)

The smallest partially transposed symplectic eigenvalue
is therefore

A- VA2 -4d
5 - \/ et V. (78)
2
The state is entangled when
V<1 (79)
V_ 3 .
The logarithmic negativity is then
Ey = max [0,-log, (2v_)]. (80)

This quantity measures entanglement and vanishes once
the state becomes separable [59, 60].

Gaussian discord is more general than entanglement:
it can remain nonzero even after the logarithmic negativ-
ity has vanished. To compute it, one minimizes the condi-
tional entropy over Gaussian measurements on one of the
twomodes. For the symmetric states used in our numeric-
al examples, we may take the measurement covariance

matrix as
re=L(* ° >0
s)= = , s> 0.
2\0 1/s

The conditional covariance matrix of mode A after a
Gaussian measurement on mode B is

(81)

Vap(s) = Va= Ve[V +T(s)] 7' V. (82)

For a one-mode Gaussian state with symplectic eigen-
value v, the entropy is

h(v) = <v+ %) log, (v+ %) - (v— %) log, (v— %) . (83)

The total entropy of the two-mode state is

S(AB) = h(v,)+h(v.). (84)
Similarly, the entropy of mode B is
S(B)=h(\/detVs). (85)
The conditional entropy after measurement.
S(AIB,) = h ( /et Vas(s)). (86)
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The Gaussian discord with measurement on B is then

DB = S(B)-S(AB) + min § (A|B). (87)

In the pure limit, v, =v_=1/2, and this expression re-
duces to Eq. (46). Therefore, the mixed-state calculation
smoothly connects to the pure two-mode squeezed result
discussed in the previous section.

This formalism provides a transparent physical inter-
pretation. The logarithmic negativity Ey indicates wheth-
er the two curvature modes remain entangled. By con-
trast, Gaussian discord D; measures quantum correla-
tions more generally and can remain nonzero even when
the state is already separable. This is why the decohered
mixed state is the truly interesting regime for the present
work [34-36].

V. TIMING OF DECOHERENCE AND ITS
OBSERVATIONAL CONSEQUENCES

The effect of decoherence depends not only on its
strength but also on when it acts. For PBH formation and
scalar-induced gravitational waves, the relevant times are
horizon exit during inflation, the possible USR phase, re-
heating, and horizon re-entry during radiation domina-
tion. These stages are physically distinct, and a single
time-independent decoherence parameter cannot capture
all possibilities.

In ordinary slow-roll inflation, the curvature perturba-
tion & becomes conserved on super-Hubble scales. In
USR, however, the background is non-attractor, and
can grow outside the Hubble radius. Therefore, the
quantum-to-classical transition of the PBH-producing
modes should be discussed together with the background
evolution. Decoherence can begin around horizon exit,
but in principle it may continue during the super-Hubble
evolution, reheating, and even after the mode has re-
entered the Hubble radius. The interaction with environ-
mental degrees of freedom is not switched off abruptly at
horizon crossing [30, 31, 42, 44, 55].

We parametrize the cumulative effect of the environ-
ment by an effective transmissivity n.g(k) and an effect-
ive environmental occupation n¢f (k). These quantities
summarize the open-system evolution from an initial time
7; to a final time 7,. For example, if the damping rate is
time dependent, one may write

Ner(k) = exp {— [ ! Tk, t)dt} .

i

(88)

Here, I'(k,7) is the effective decoherence or damping rate.
In a cosmological setting, I'(k,f) can depend on the
Hubble scale H(t), the physical momentum k/a(f), the

temperature of the environment, and the strength of the
system—environment coupling.

It is useful to distinguish the physical momentum
from the horizon-crossing condition. The physical mo-
mentum is

k
pphys(t) = 7 (89)

(1’

and it decreases as the universe expands. However, dur-
ing radiation domination, the quantity aH decreases, and
thus the ratio

k

I (90)
increases with time. This is why modes that were outside
the Hubble radius eventually re-enter. Larger-k modes, or
equivalently higher-frequency modes, re-enter earlier
during radiation domination.

For PBH formation, the relevant final time is approx-
imately the horizon re-entry time of the scale &, defined
by

k=a fH f- (91)
At this time, the classical collapse criterion is applied to
the density contrast or the compaction function. Decoher-
ence does not replace this collapse criterion. It can affect
the PBH abundance only if the open-system dynamics
also modifies the scalar two-point covariance. In that
case, we may write

PEK) = Qaec(DPF(K), 92)

where Qq..(k) is a model-dependent covariance-survival
factor. In a pure dephasing channel, one may have
Quc = 1 even though the reduced density matrix has de-
cohered. In a dissipative attenuation channel, Qg <1 is
possible.

The PBH abundance is exponentially sensitive to the
variance of the smoothed perturbation. Schematically, for
a Gaussian estimate, one has

where &, is the collapse threshold, and o is the smoothed
density variance. Therefore, if the covariance is reduced
by Que.(k),the PBH abundance can be strongly sup-
pressed. Even a modest change in the variance can pro-
duce orders-of-magnitude changes in fppy.

5.
2o

1
Br(M) ~ Eerfc( (93)
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For scalar-induced gravitational waves, the timing is-
sue is slightly more subtle. Tensor perturbations are
sourced continuously during the radiation era by products
of scalar perturbations. Therefore, in the most general
case, the decoherence factor should depend on both scale
and time,

Qdec = Qdec(k’ T)- (94)

The induced gravitational-wave spectrum would then
have to be computed using the time-dependent scalar co-
variance within the radiation-era source integral. This
would require solving the open-system evolution and the
second-order tensor equation simultaneously.

In the present work, we restrict ourselves to a simpler
saturation regime. We assume that the relevant decoher-
ence process is completed before, or shortly after, the
scalar modes begin to source the tensor perturbations effi-
ciently. In this limit, the time-dependent factor can be ap-
proximated as a static quantity,

Qdec(ka T) = Qdec(k)~ (95)

This approximation is appropriate when the decoherence
timescale is shorter than the Hubble timescale near' hori-
zon re-entry. Under this assumption, the primary effect of
decoherence is to rescale the scalar power spectrum en-
tering the PBH abundance and the scalar-induced gravita-
tional-wave convolution.

Thus, the observational consequences can be summar-
ized as follows. If the environment only decoheres phases
but leaves the scalar covariance unchanged, then the PBH
abundance and SIGWs are essentially unaffected at the
level of the power spectrum. If, however, the environ-
ment acts as a dissipative Gaussian channel and reduces
the scalar covariance, then PBH production is suppressed
through the variance, while the SIGW signal is sup-
pressed through the product of two scalar power spectra.
For a narrow scalar peak and slowly varying Qg..(k), this
yields the approximate scaling

Qg = 04w - (96)
This regime is explored in the numerical examples below.

VI. PBH ABUNDANCE WITHOUT AND WITH
QUANTUM-INFORMATION DIAGNOSTICS

A. Classical PBH abundance

PBH formation is a classical gravitational-collapse
process. A perturbation collapses into a PBH when its

density contrast, or equivalently its compaction function,
exceeds a threshold value at horizon re-entry. This
threshold is not universal; it depends on the shape of the
perturbation profile and on the equation of state of the
background fluid. During radiation domination, typical
values are 6, ~ 0.4-0.6 [2, 7-10].

In a Gaussian estimate, one smooths the radiation-era
density contrast on a comoving scale R. The variance is

2
ai(R) = / dInk W*(kR) {g(kR)zT(kR)} Pk).  (97)

Here W(kR) is a window function, and T (kR) is the radi-
ation-era transfer function. The factor (4/9)(kR)* relates
the density contrast to the curvature perturbation during
radiation ' domination. This expression is commonly used
in PBH abundance estimates based on the smoothed
density contrast [3—5].

The Gaussian assumption adopted below serves as a
benchmark, not as a general property of PBH-producing
USR models. The statistics of the large-amplitude tail can
be sensitive to the duration of the non-attractor phase and,
in particular, to the transitions into and out of USR. If
non-Gaussianity is appreciable, one must use the full one-
point probability distribution in Eq. (99) rather than the
Gaussian erfc result given below [12, 61].

Assuming a Gaussian probability distribution for the
smoothed density contrast,

62
P(6g) = —Rz} , (98)

]
. expl—
270 Pl 20 5

the initial PBH formation fraction is

Br(M) =/ P(6r) d6g. (99)
s

o

This gives

1
Br(M) = EerfC( (100)

e )
V2o;/
For o5 < 6., the abundance is exponentially sensitive to
the variance,

Br(M) ~ (101)

e |-t
€X - .
276, P 203

This exponential dependence explains why even a small
change in the small-scale power spectrum can produce a
very large change in the PBH abundance [2—4].

The present PBH dark-matter fraction is approxim-
ately
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g*
106.75

)—1/4

foau(M) =63 x 10" (é)l/z(

(ons) " son,

where y is the collapse efficiency factor, and g, is the
number of relativistic degrees of freedom at formation.
Equivalently, this may be written as

(102)

-1/2 1/4
o =16x1070 (L) (5
A(M) =1.6x 0.2 106.75
M 1/2
(mlgg) Jesu(M). (103)
These relations represent the standard conversion

between the initial PBH mass fraction at formation and
the present PBH dark-matter fraction [3—6].

The PBH mass is related to the comoving scale that
re-enters the Hubble radius during radiation domination.
Using the conventions adopted here, we take

c10%e (1) () ()
M(k)~ 10 g<0.2)<106.75> 7.0x103Mpc™" /"
(104)

Equivalently,
13 Y\ 8+ R oM T
ky =7.0x 10 Mpe (@) (106.75) (1018g> '

(105)

Thus, larger comoving wavenumbers correspond to earli-
er horizon re-entry and smaller PBH masses. This
mass—scale relation is standard in PBH phenomenology
and is used below when presenting the PBH abundance as
a function of mass [3, 16, 17, 23].

B. Quantum-information diagnostics

We now explain how the quantum-information sector
can be included without altering the classical nature of
PBH collapse. The key point is that quantum discord does
not replace the threshold 6,.. PBH formation remains gov-
erned by the condition that the density perturbation ex-
ceeds the collapse threshold at horizon re-entry. Gaussi-
an discord instead provides a diagnostic of the quantum
correlations carried by the curvature modes that seed the
PBH.

If the covariance-matrix parameters are deterministic
functions of the scale £, then a straightforward way to im-
pose a diagnostic condition is

Ba(M) =B,(M)® [DG(kM) —Dt(lyl] > (106)

where k,, is the scale associated with the PBH mass M.
This equation should not be interpreted as a new collapse
condition. It merely selects those PBH-producing modes
whose Gaussian discord exceeds a chosen diagnostic
threshold.

More generally, if the environmental history is
stochastic, one may introduce a distribution over covari-
ance-matrix parameters,

A= {V,U,nenv,‘f’}, (107)

and write

Bor(M) = / Ao dAP (S, A; M)O(Sk — 6.)0 [De() - DF] -
(108)

This form makes the role of the quantum-information
variables explicit, but it is not yet predictive until the en-
vironmental distribution is specified. For the purposes of
the present work, Eq. (106) therefore provides the clean-
er diagnostic form. In the pure squeezed limit, the dis-
cord threshold is typically easy to satisfy, since large
squeezing already implies large Gaussian discord. The
more interesting regime is the decohered mixed state, in
which entanglement may be lost while weaker quantum
correlations remain. In this regime, Gaussian discord
provides a useful diagnostic of the quantum-to-classical
transition of the PBH-producing modes, without altering
the classical collapse condition.

If the open-system dynamics also modifies the scalar
two-point covariance, then the scalar power spectrum en-
tering Eq. (97) should be replaced by an effective spec-
trum,

PLK) = QuecOPE (k). (109)

Here, Qu.(k) is a model-dependent covariance-survival
factor. It is not equal to the discord itself. In a dissipative
attenuation channel, Qu.(k) <1 is possible, whereas in a
pure dephasing channel one may have Qu..(k)=1 even
though the density matrix has decohered.

With this replacement in Eq. (109), the density vari-
ance becomes

2
T ep(R) = / dInk W?(kR) E(kR)ZT(kR)} Qaec )P (k).

(110)
The corresponding PBH abundance is
1 0,
“T(M) = ~erfc ‘ . 111
By (M) =3 < \@Ta,m) (111)
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Because B, depends exponentially on 1/0%, even modest
covariance suppression can reduce fpgy by many orders
of magnitude. For example, if Qg is approximately con-
stant across a narrow scalar peak, then o7z =~ Quec03. A
value such as Q.. = 0.7 therefore changes the exponent in
Eq. (101), which can substantially suppress the final PBH
fraction.

Thus, the role of the quantum-information sector is
twofold. First, Gaussian discord tracks the residual
quantum correlations of the PBH-producing modes.
Second, if the same open-system dynamics also reduces
the scalar covariance, then the PBH abundance is modi-
fied through the effective variance in Eq. (110). These
two effects should be kept conceptually separate.

VII. SCALAR-INDUCED GRAVITATIONAL
WAVES AND THE @2, SCALING

A. Standard induced-GW formula

Scalar perturbations source tensor perturbations at
second order in cosmological perturbation theory.Dur-
ing radiation domination, the tensor mode with polariza-
tion 4 obeys

R+ 2H  + Ky, =4S k4, (112)

where H = a’/a is the conformal Hubble parameter, and a
prime denotes a derivative with respect to conformal time
7. The source term S, is quadratic in the scalar perturba-
tions. Schematically, it has the form

Pa .
S~ [ S L onaamango. 1)

where e;j(k) is the transverse-traceless polarization
tensor. The exact expression contains the radiation-era
scalar transfer functions, but the key point is that the
tensor source is quadratic in the scalar perturbations.

The tensor power spectrum therefore involves a scal-
ar four-point function,

(£4sd). (114)

For a general interacting or non-Gaussian scalar state, the
four-point function must first be decomposed as

(61 05048) = (GG +{ L. (115)

where the second term is the connected trispectrum. Non-
linear gravitational or environmental interactions can

generate such a connected contribution, even in situ-
ations where the bispectrum is small or vanishes. There-
fore, the SIGW spectrum generically has the structure

Qaw = QYK [P+ Q% (116)

and the formula derived below applies only to the first
term.

For Gaussian scalar perturbations, Wick's theorem re-
duces this four-point function to products of two scalar
power spectra. Under this assumption, the present-day
scalar-induced gravitational-wave spectrum can be writ-
tenas [16, 17, 20, 21]

1 oo 1+v
Qcw.olk)=c,Q,, —/ dv/
GW.0 82057 ; L

duK (u, V)1 (u, v)P (k)P (kv).

(117)

Here, Q,, denotes the present radiation density fraction,
and

8-

118
10.75 (118)

)—1/3

accounts for the change in the number of relativistic de-
grees of freedom between the time of generation and the
present day. The variables u# and v are defined by

¢ =083 (

_ lk—q|
u= "4

q
==, 119
k b k ( )
The geometric kernel is
2 2 2\272
K(uv) = 4vi—(1+v7—u’) ’ (120)

duy

and I?(u,v) is the time-averaged transfer kernel in the
radiation era. The overline denotes an average over the
rapid tensor oscillations after the mode is well inside the
horizon.

For completeness, during radiation domination we use
the standard late-time combination (with the factor of
x? = (kt)* already absorbed into the kernel entering Qgw)

 1[3Pn-3)) . 3—(u+v)[1?
Iz(u,v)—E{W} {{—4uv+(u +V _3)ln‘3—(u—v)2 }
+2 (v =3)*O(u+v— «/5)}. (121)

Together with Eq. (120), this fully specifies the Gaussian
radiation-era convolution used in our numerical SIGW
benchmark [16, 17, 23].
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Equation (117) is the standard result used in many
PBH and scalar-induced gravitational-wave studies. It
shows that the induced signal depends quadratically on
the scalar power spectrum. This quadratic dependence ex-
plains why even a moderate change in the scalar covari-
ance can have a noticeable effect on Qg .

B. Decohered scalar covariance

We now connect the open-system description of the
scalar sector to the induced gravitational-wave signal. We
define a covariance-level survival factor Qg..(k) by

P (k)

Qdec(k) = leass(k) .

(122)

Equivalently, the equal-time two-point function can be
written as

2
(Gily)er = 2n)* 6Dk + q)zkl3 Quec()PE™ k). (123)

This definition is important. The factor Qg modifies the
scalar power spectrum, or equivalently, the scalar two-
point covariance. It is not the field-amplitude suppres-
sion factor. If one defines an amplitude-level suppression
factor Qump by

ztf = Qamp (k)é/]ilass ) (1 24)
Then, the corresponding power-spectrum factor is
Qaec(k) = Qimp(k) (125)

It should also be emphasized that Q.. is not equal to
the Gaussian discord. Discord characterizes quantum cor-
relations encoded in the covariance matrix. By contrast,
the factor Qg.. parameterizes a possible change in the
scalar two-point covariance induced by a specific open-
system channel. In a pure dephasing channel, the reduced
density matrix can decohere while Qq4.. =1 for the scalar
power spectrum. In a dissipative attenuation channel, one
can have Qg.. < 1.

Substituting
P k) = Qaec ()PF (k) (126)
Substituting into Eq. (117), one obtains
) 1 o 1+v
Qi o (k) = ¢, Q0 — / dv / du K (u, v)I2(u,v)
' 24 Jo 1]
Qdec(ku)Qdec(kV)P?ass(ku)P?ass(kv)~ (127)

Equation (127) is a covariance-level result valid only for
the static, Gaussian/Wick-reduced sector of the chosen at-
tenuation model. It is not a general consequence of cos-
mological decoherence. The two factors Qg..(ku) and
Quec(kv) appear because the Wick-reduced tensor power
contains a product of two scalar power spectra. If the
open-system dynamics or the USR phase generates a non-
negligible connected trispectrum, Eq. (127) must be sup-
plemented by Q% in Eq. (116).

If the scalar spectrum is sharply peaked around k. and
Quec(k) varies slowly over the support of the convolution,
then

Qdec(ku) = Qdec(kv) = Qdec(k*)- (128)

In this narrow-peak approximation, Eq. (127) simplifies
to

QoK) = Qg (k)Q (k). (129)

This is the origin of the Q3. scaling used in the nu-
merical plots. The scaling does not imply that quantum
discord directly sources gravitational waves. Rather, it in-
dicates that if the scalar two-point covariance is reduced
by a factor of Qy.., then the induced gravitational-wave
power is reduced by approximately two such factors.

The approximation in Eq. (129) can fail if the scalar
power spectrum is broad, if Q. (k) has a rapid scale de-
pendence, or if the scalar perturbations exhibit signific-
ant non-Gaussianity. In such cases, one must use the full
convolution in Eq. (127), and possibly also include the
connected scalar four-point function. In the present work,
we restrict ourselves to Gaussian scalar perturbations and
use Eq. (127) as the baseline expression.

C. Time-dependent decoherence

The discussion above assumes that the decoherence
process has already reached a saturation regime before
the scalar modes efficiently source the tensor perturba-
tions. In a more general situation, however, the open-sys-
tem evolution may continue during radiation domination.
The covariance-survival factor then depends on both
scale and time,

Qec = Qdec(k’ 7). (130)

In this case, the induced gravitational-wave spectrum
cannot be obtained by the simple replacement
Pr(k) = Qqec ()P, (k) with a time-independent factor. In-
stead, the scalar covariance entering the second-order
tensor source should be evaluated at the time when the
source is active.
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Schematically, the tensor perturbation is obtained
from the Green-function solution

hia(T) = 4/T dv' G(1,7)S k1 (7), (131)

where G,(r,7’) is the radiation-era tensor Green function,
and S, is quadratic in scalar perturbations. Therefore,
the tensor power spectrum contains unequal-time scalar
correlators. If the scalar covariance is affected by open-
system dynamics, the time-dependent factors Qge.(ku,’)
and Qg..(kv,7”) should appear inside the time integrals
that define the radiation-era kernel.
A schematic version of the time-dependent result is

Qgw.o(k) N/dv/du/dr’/dT"?((u,v)I(u,v;T’,r“)

Qe (ktt, T') Quee (kv, T YPE™ (ki) PE™ (kv),
(132)

where 7 (u,v;7’,7”) denotes the product of scalar transfer
functions and tensor Green functions. This expression il-
lustrates why the time-dependent case is more involved
than the static approximation. A fully consistent calcula-
tion would require solving the open-system evolution of
the scalar covariance together with the second-order
tensor equation.

In the present work, we restrict ourselves to the sim-
pler saturation regime. Specifically, we assume that the
relevant decoherence or attenuation process is completed
before, or shortly after, the scalar modes begin to source
the tensor perturbations efficiently. In this limit, one may
approximate

Quec(k, T) = Quec(k), (133)

and the induced gravitational-wave spectrum reduces to
the static convolution-level expression in Eq. (127). This
approximation is appropriate when the open-system re-
laxation timescale is shorter than the Hubble timescale
around horizon re-entry. If this condition is not satisfied,
the suppression may become frequency dependent, and
the full time-dependent treatment should be used. We
leave this more complete analysis for future work.

D. Relation to discord

It is important to clarify the relationship between Qge.
and Gaussian discord. The scaling in Eq. (129) does not
imply that discord directly sources gravitational waves.
Scalar-induced gravitational waves are sourced by scalar
perturbations through the second-order Einstein equa-
tions. The quantity that enters the standard induced-GW
convolution is the scalar two-point covariance, or equi-

valently the scalar power spectrum. By contrast, Gaussi-
an discord diagnoses the residual quantum correlations
contained in the covariance matrix.

Thus, Q4. and D have different meanings. The
factor Qu.. parametrizes the survival of the scalar two-
point covariance in a specified open-system channel,

P (k)
Pglass (k) :

Quec(k) = (134)

By contrast, D; is a quantum-information measure com-
puted from the full Gaussian covariance matrix. A state
can lose entanglement while still retaining nonzero dis-
cord. It can also decohere in phase without changing the
equal-time power spectrum. Therefore, there is no univer-
sal identity between Qg.. and Dg.

The reason is structural: Qg.. is a single ratio con-
structed from - one equal-time two-point covariance,
whereas D is a nonlinear function of the full 4 x4 cov-
ariance matrix and of the chosen bipartition. Many Gaus-
sian states can therefore share the same scalar power
spectrum, and hence the same Qy.., while exhibiting dif-
ferent discord; conversely, fixing the discord does not de-
termine the scalar power. Discord consequently imposes
no channel-independent restriction on the functional form
of Qge.(k). Within a specified microscopic channel, both
quantities are functions of the same channel parameters
and may be correlated, but that relation must be derived
on a case-by-case basis.

This also limits the direct observational role of dis-
cord. Standard PBH abundance and the Gaussian SIGW
energy density depend on classical scalar correlators after
horizon re-entry and do not constitute a measurement of
Ds. A frequency-dependent SIGW distortion can con-
strain the parameters of a specified attenuation model
through Qq..(k), whereas a genuine observational discrim-
inator of discord would require additional phase-sensit-
ive or higher-order information that cannot be reconstruc-
ted from Qgw(f) alone. We therefore regard discord as a
quantum-state diagnostic and Q.. as the quantity enter-
ing the current phenomenological observables.

For a local Gaussian attenuation channel, the scalar
power may be written schematically as

Pzﬁ(k) = U(k)P?a“(k) + [1 - U(k)] P (k), (135)
where n(k) denotes the transmissivity, and P7™(k) de-
notes the effective environmental contribution. This
yields

P (K)
pglass ( k) :

Qaec(k) = (k) + [1=n(k)] (136)
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In the cold-environment limit, where #¢"(k) <
Pg"““(k), this expression reduces to

Quec (k) = (k). (137)

In contrast, for a pure dephasing channel, the density mat-
rix can decohere while the scalar power spectrum re-
mains unchanged. In that case, one may have

Quec(k) = 1, (138)

even though the quantum state has become mixed.

One may introduce a phenomenological diagnostic re-
lation between covariance survival and discord survival;
for example,

z)glixed ( k)

Op(k) = W’ (139)

but this quantity should not be automatically identified
with Quec(k). The ratio Op measures the survival of Gaus-
sian discord, whereas Qg.. measures the survival of the
scalar power spectrum. They may be correlated in a par-
ticular microscopic model, but the relation is model de-
pendent.

The robust result derived in this section is-therefore
the following: if the scalar covariance is modified as

P = Quec P (), (140)

Then, the induced gravitational-wave spectrum contains
the product Qge.(ku)Qqe.(kv) within the convolution. For a
narrow scalar peak and a slowly varying Qqe., this yields
the approximate scaling

iy class
Q= Qe vy - (141)
This is a statement about covariance suppression, not

about the direct sourcing of gravitational waves by
quantum discord.

VIII. NUMERICAL ANALYSIS

We now turn to the numerical illustrations. The pur-
pose of this section is not to introduce additional assump-
tions, but to show how the formal results derived above
are manifested in the figures. The logic is deliberately se-
quential.

Before discussing the figures, we clarify the status of
the primordial scalar spectrum used in the numerical ana-
lysis. The present study is deliberately inflation-model

agnostic at the level of the microscopic inflaton potential.
Our objective is to investigate how a primordial scalar co-
variance, once generated, is processed by a specified
open-system channel and subsequently enters the PBH
abundance and the scalar-induced gravitational-wave sig-
nal. The ultra-slow-roll discussion in Sec. II therefore
provides a generic dynamical motivation for a localized
enhancement of the small-scale curvature spectrum; it is
not intended to identify a unique potential underlying
Fig. 3(a).

Accordingly, we take the primordial spectrum itself
as the input to the open-system calculation and use a gen-
eric lognormal benchmark. This lognormal parametriza-
tion is a standard and particularly useful benchmark for
scalar-induced gravitational waves; see, e.g., Pi and Sa-
saki [62].

~ In’(k/k.)

2
2O—Ink

ng—1
pglaSS(k) =A, (ki()) +A§CXp |: :| s (142)

where A;, k., and o, control, respectively, the amp-
litude, location, and logarithmic width of the small-scale
enhancement. We use A,=2.1x10", k,=0.05Mpc™’,
n, = 0.965, and the benchmark width o, = 1. The three
curves in Fig. 3(a) correspond to (A k./Mpc™')=
(1073,10%), (1072,10%), and (3x1072,10'?), respectively;
the SIGW panel uses the middle benchmark. Figure 3(a)
should therefore be interpreted as a set of representative
primordial inputs rather than as the prediction of a specif-
ic inflationary potential.

This separation is useful because the open-system re-
lations derived in this work can be applied without modi-
fication to any microscopic inflationary construction that
produces a comparable P,(k). A dedicated first-prin-
ciples embedding would require specifying V(¢) and
solving the background and Mukhanov—Sasaki equations
and, in the PBH regime, controlling the associated non-
Gaussian statistics. Such explicit realizations, including
supersymmetric and non-supersymmetric inflationary
scenarios, are outside the scope of the present paper and
constitute a natural direction for future work. We first ex-
amine the quantum state of the PBH-producing curvature
modes, then trace the effect of decoherence on entangle-
ment and discord, and finally connect the surviving scal-
ar covariance to PBH abundance and scalar-induced grav-
itational waves. This ordering keeps the interpretation
conservative: PBH formation remains a classical collapse
process, while the quantum-information variables dia-
gnose the state of the perturbations that seed the collapse
and source the induced tensor background.

Figure 1 provides a reference point for the quantum-
information part of the analysis. It shows the pure-state
Gaussian discord as a function of the squeezing paramet-
er 7, using Eq. (46). The numerical crossings shown in the
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(color online) Pure-state Gaussian discord as a function of the squeezing parameter . The threshold values D = 0.2, 1.0, and

3.0 bits are reached at r=0.175, 0.519, and 1.232, respectively. The shaded region denotes the strongly squeezed regime, r> 1, in

which the pure-state discord is already large. The figure shows that strongly squeezed PBH-producing modes naturally exhibit large

discord before decoherence is included.

figure are consistent with Egs. (47)—(50). The thresholds
D; =0.2,1.0, and 3.0 bits are reached at r =0.175,0.519,
and 1.232, respectively. The shaded region marks r > 1,
where the discord already exceeds about 2.34 bits. This
provides an important baseline result. In the absence of
decoherence, strong squeezing automatically implies
large Gaussian discord. Therefore, a low discord
threshold is not an independent PBH-formation condition.
Instead, it serves as a diagnostic of the quantum correla-
tions already present in the two-mode squeezed state.
This interpretation is consistent with the standard
squeezed-state description of inflationary perturbations
and with the use of Gaussian discord as a measure of
quantum correlations [30, 31, 34, 35, 37].

The pure-state result is useful, but it does not corres-
pond to the main physical regime of interest. The more
informative case is the mixed state generated by environ-
mental decoherence. Figure 2 illustrates this regime us-
ing the Gaussian attenuation channel described by Egs.
(69)~(71). The left panel of the figure shows the logar-
ithmic negativity, computed from Eq. (80). As the chan-
nel transmissivity # is reduced, the state becomes increas-
ingly mixed, and the logarithmic negativity can vanish at
finite decoherence strength. This behavior reflects the fa-
miliar fragility of entanglement in an open quantum sys-
tem.

The right panel of Fig. 2 shows the corresponding
Gaussian discord, computed from Eq. (87). Although the
discord also decreases as decoherence strengthens, it per-
sists over a larger region of parameter space than the log-
arithmic negativity. The figure therefore distinguishes

three physically distinct regimes: a nearly pure squeezed
regime, a mixed entangled regime, and a separable but
still discordant regime. The last regime is the most relev-
ant for our purposes. It shows that the loss of entangle-
ment does not by itself imply that the curvature perturba-
tions have become a completely classical stochastic en-
semble. A separable Gaussian state can still retain phase-
space correlations inherited from the original inflationary
squeezing [34-36].

We next connect these quantum-information dia-
gnostics to the scalar sector that governs PBH formation
and scalar-induced gravitational waves. The left panel of
Fig. 3 shows representative peaked curvature spectra.
Shifting the peak to larger k. correspondsto perturba-
tions that re-enter the Hubble radius earlier and hence to
smaller PBH masses. Increasing the peak amplitude
raises the smoothed density variance in Eq. (97). Since
the classical PBH abundance depends on the tail of the
distribution through Eq. (100) and becomes exponen-
tially sensitive in the small-variance limit described by
Eq. (101), even a modest change in the scalar amplitude
can produce a large change in fppy. This is why the PBH
abundance is a highly sensitive probe of the small-scale
scalar spectrum [2, 8—10].

The same scalar spectra also source induced gravita-
tional waves. The right panel of Fig. 3 shows the corres-
ponding SIGW spectra. The standard result is determined
by the convolution in Eq. (117). Once the scalar covari-
ance is modified by a covariance-survival factor, the
Gaussian static contribution is given by Eq. (127). This
equation serves as a benchmark for the Wick-reduced at-
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(color online) Entanglement and Gaussian discord under the Gaussian decoherence channel. The logarithmic negativity Ey is

rapidly degraded as the transmissivity # decreases and may vanish at a finite decoherence strength. Gaussian discord is more robust and
may remain nonzero even after the state becomes separable. The figure therefore demonstrates why discord is a useful diagnostic of re-
sidual quantum correlations in the PBH-producing curvature modes.
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(b) SIGW spectra with decoherence suppression.

(color online) Connection between the scalar spectrum, PBH formation, and scalar-induced gravitational waves. Panel (a)

shows representative peaked curvature spectra. Changing the peak position shifts the corresponding PBH mass scale, whereas chan-
ging the amplitude controls the abundance through the classical collapse probability. Panel (b) shows a benchmark example of induced
gravitational-wave spectra. In the constant-Q,. attenuation benchmark, covariance attenuation suppresses the amplitude by Q3.
without changing the spectral shape. A scale- or time-dependent attenuation factor instead leads to a frequency-dependent distortion.

tenuation model, rather than as a general formula for cos-
mological decoherence; a connected trispectrum contrib-
utes the term in Eq. (116). The simpler Q3. scaling
shown in the plot applies only in the narrow-peak and
slowly varying Qq.. limit, as stated in Eq. (129). Thus, for
a constant benchmark Q.. = 0.7, the induced signal is re-
duced by a factor of 0.49, while Q.. = 0.5 yields a reduc-
tion by 0.25. The shape remains unchanged in this simple
limit because the same constant factor multiplies the scal-
ar covariance across the support of the convolution. By
contrast, a scale-dependent or time-dependent decoher-
ence history would distort the spectrum and would re-

quire the more general treatment discussed around Eq.
(132).

The constant-Qy.. curves in Figs. 3 and 4 must there-
fore be interpreted as response/sensitivity curves. Without
an independent prediction for A,, the pairs (A;, Quc) and
(A¢Qqec, 1) are observationally indistinguishable at this
level. The figures do not, by themselves, identify the sup-
pression as quantum decoherence.

A. PBH mass fraction and the effect of covariance sup-

pression
To show explicitly how the covariance—survival
factor affects the PBH abundance, we use Eqgs. (110),
(111), and (102) together with the mass—scale relation in
Eq. (104). The illustrative calculation assumes a narrow
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lognormal curvature peak, using the same lognormal con-
vention as in Ref. [62],

(143)

2
P?laSS(k) =A§exp |:_]n (k/k*):| ,

2
zamk
and a constant covariance—survival factor across the peak,

Trep(M) = Qec T3 (M). (144)

This approximation serves only as a benchmark. A com-
plete prediction would require the model-dependent scal-
ar spectrum, window function, transfer function, and pos-
sible non-Gaussian corrections. Nevertheless, it clearly
illustrates the main effect: because fB; contains
exp[—62/(202)], a moderate reduction in the variance pro-
duces a much larger reduction in fpgy.

Figure 4 shows that the PBH mass distribution re-
tains approximately the same characteristic mass when
QOue. 1 taken to be constant over the narrow peak, but its
normalization is strongly suppressed. In the benchmark
shown, reducing the scalar covariance from Qg.. = 1. to
Qe = 0.8 already decreases the peak fraction by several
orders of magnitude, and Qu.. =0.7 suppresses it even
further. This behavior is much stronger than the Q3.. scal-
ing of the SIGW spectrum because PBH  formation
probes the extreme Gaussian tail, whereas the induced

GW signal is quadratic in the scalar power spectrum.

B. Scale-dependent attenuation: quantitative
comparison

To show explicitly how a scale-dependent survival
factor modifies the full SIGW spectrum, we evaluate the
microscopic family in Eq. (62).

(03 k ¢
=2 () ]

Thus, all cases have Qu(k.) = 0.7. We compare the cases
a=0,1/2,1. For the SIGW calculation, we use the middle
spectrum in Fig.3(a), with A, =102, k. =10°Mpc™,
ok = 1, and numerically evaluate the full u—v convolu-
tion using Egs. (120) and (121). For the PBH comparison,
we use the benchmark in Fig. 4, with A, =1.5%x1072,
ok =0.55, 6,=0.45, and M, =10°g, together with the
transparent ~ narrow-peak  horizon-entry  estimate
o3 (M) =~ (16/81)?}“(@4) and Eq. (102). The results are
summarized in Table 1.

The peak quantities in Table 1 capture only part of the
effect. To make the scale dependence explicit at the spec-
tral level, we now substitute Eq. (145) directly into the
full Gaussian SIGW convolution, Eq. (127), and plot the
resulting present-day energy-density spectra. The calcula-
tion uses the same middle benchmark as Fig. 3(a), namely
Aév = ]072, k. = ]OSMpC_l, and o = 1.

y. =-In0.7),  (145)
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Fig. 4.

M g

(color online) Illustrative PBH dark-matter fraction as a function of PBH mass for constant covariance-survival factors Qg...

The benchmark uses A, = 1.5x 1072, o =0.55, 6. =0.45, M, =10"g, y=0.2, and g, = 106.75. The rapid separation of the curves
demonstrates the exponential sensitivity of PBH production to the effective variance. Thus, the PBH abundance changes only when the
open-system channel attenuates the scalar two-point covariance; pure dephasing with Qg.. = 1 leaves this abundance unchanged at the

power-spectrum level.
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Table 1. Scale-dependent attenuation benchmark with Q.. (k.) = 0.7. The classically unsuppressed case is included for reference.
@ Mpgsi/M. it S [Hz] Q8w
classical 0.984 4.35%x1072 1.63x1077 1.19%x107°
0 0.989 1.59x 1078 1.63x 1077 5.85x 10710
12 1.10 1.90x 1078 1.39x 1077 5.95x 10710
1 1.21 3.38x107% 1.22x 1077 6.16x 10710

Figure 5 illustrates why, in general, the scale-depend-
ent case cannot be represented by a single overall factor
multiplying Qgw. The factors Qye.(ku)Quec(kv) weight dif-
ferent parts of the radiation-era convolution differently.
Consequently, for a >0, both the amplitude and the
shape of the SIGW spectrum change, whereas @ =0 re-
produces the constant-attenuation limit.

For a =0, the result reduces to the constant attenu-
ation already shown in the figures: the SIGW peak is
multiplied by 0.72 = 0.49, while the PBH abundance is af-
fected much more strongly because of its exponential
sensitivity to o;%. For a > 0, shorter wavelengths are at-
tenuated more strongly. Consequently, the PBH distribu-
tion is displaced toward larger masses (ky o« M~'/?), while
the SIGW peak moves toward lower frequency. The fact
that the peak SIGW amplitude is not exactly 0.49 of the
classical value for a >0 reflects the breakdown of the
constant-Qq.. approximation: different parts of the convo-

lution are weighted by different values of Qe (kit) Qgec(kv).

The complete set of figures should be read as a single
chain of results. Figure 1 shows that the PBH-producing
modes naturally acquire large pure-state discord once
they are strongly squeezed. Figure 2 shows that the
mixed-state problem is nontrivial: entanglement can be
erased while discord remains nonzero. Figures 3 and 4
then show where the same covariance information enters
cosmological observables. The PBH abundance is af-
fected only if the open-system channel changes the clas-
sical scalar variance entering Eq. (110) and hence the ef-
fective collapse fraction in Eq. (111). By contrast, the
SIGW signal is directly sensitive to the scalar covariance
in Eq. (127). This is the main reason why induced gravit-
ational waves provide a particularly clean probe of deco-
herence-suppressed scalar correlations.

The numerical examples therefore support a conser-
vative interpretation. The standard PBH/SIGW calcula-

== Classical Qgec =1
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—_— =12

a=1
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Fig. 5.

(color online) Present-day scalar-induced gravitational-wave energy-density spectrum, obtained by inserting the scale-depend-

ent survival factor Q% (k) of Eq. (145) into the full convolution in Eq. (127). The classical case, Qg = 1, is shown together with

dec

a=0,1/2,1, all normalized to Qq.(k.) =0.7. For @ =0, the spectral shape is unchanged, and the amplitude follows the constant-Qg..
suppression. For a > 0, the stronger attenuation of higher-k scalar modes produces a frequency-dependent distortion and shifts the

SIGW maximum toward lower frequencies.
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tion uses the scalar power spectrum, the classical col-
lapse threshold, and the induced-GW kernel. The
quantum-information extension retains the same collapse
criterion, but tracks the full covariance matrix and distin-
guishes among pure squeezed, mixed entangled, and sep-
arable but discordant regimes. Finally, a specific dissipat-
ive decoherence model may introduce a covariance-sur-
vival factor Qg... This factor modifies the induced gravit-
ational-wave spectrum according to Eq. (127) and re-
duces to the simple scaling in Eq. (129) only under the
narrow-peak approximation. Its effect on PBH abund-
ance is more model-dependent because PBH formation
depends on the real-space density variance and the non-
linear collapse threshold. In this sense, quantum discord
is not a new source of PBHs or gravitational waves.
Rather, its value lies in tracking the quantum-to-classical
transition of the scalar perturbations whose covariance
later appears in PBH and SIGW observables.

IX. CONCLUSIONS

We have studied how the decoherence of PBH-produ-
cing curvature perturbations can affect the primordial
black-hole abundance and the associated scalar-induced
gravitational-wave background. The PBH collapse cri-
terion was kept classical: PBHs form when the density
perturbation exceeds the threshold at horizon re-entry.
Gaussian quantum discord was used only as a diagnostic
of residual quantum correlations in the squeezed scalar
modes, not as a new condition for PBH formation.

Using a Lindblad-inspired Gaussian loss channel, we
separated two distinct effects. The first is the survival of
quantum correlations, measured by Gaussian discord. The
second is the possible suppression of the scalar two-point
covariance, parameterized by Qg..(k). Only the second ef-
fect directly changes PBH and SIGW observables. For
PBHs, it enters through the smoothed density variance
and can strongly affect the abundance because the col-

lapse probability is exponentially sensitive to this vari-
ance. For scalar-induced gravitational waves, the effect is
more direct, because the induced tensor source is quadrat-
ic in the scalar perturbations. Therefore, in the narrow-
peak limit and for slowly varying Qg.., the spectrum
scales approximately as Q3. Qgs.

The central result is that decoherence and residual
quantum correlations can be incorporated into the stand-
ard PBH/SIGW framework without changing the classic-
al collapse picture. In this formulation, Gaussian discord
characterizes the quantum-to-classical transition of the
scalar sector, while Q.. controls the observable effect at
the covariance level. This provides a consistent way to re-
late the quantum history of PBH-producing perturbations
to measurable signatures in scalar-induced gravitational
waves.

We 'stress, however, that PBH and SIGW data alone
do not identify decoherence: they constrain the effective
scalar statistics. A constant Qg is exactly degenerate
with the primordial peak amplitude, and a scale-depend-
ent-Qq..(k) can be degenerate with the primordial spectral
shape. The interpretation as attenuation becomes predict-
ive only after a microscopic channel and independent in-
formation about its parameters or the unattenuated infla-
tionary spectrum have been supplied. Moreover, our ex-
plicit SIGW formula gives the Gaussian/Wick-reduced
contribution; significant USR non-Gaussianity or interac-
tion-generated connected four-point functions must be in-
cluded separately.

Within the explicit thermal-loss example, the surviv-
al factor is determined by the bath spectral density
through Qge.(k) ~ exp[-2nJ.At(k/k.)*] in the cold-bath
limit. The scale-dependent calculation in Sec. VIII B
shows quantitatively that such a channel can shift the
PBH mass distribution and the SIGW peak frequency, in
addition to changing their amplitudes. Gaussian discord
remains a distinct diagnostic of the quantum state and is
not directly measured by these classical observables.
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