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Abstract: The charge radii of calcium isotopes are investigated within the framework of relativistic configuration-
interaction density functional (ReCD) theory. The ReCD theory microscopically incorporates beyond-mean-field
correlations through rotational symmetry restoration and configuration mixing among quasiparticle excited states,
treating both even-even and odd-4 isotopes on the same footing. It is found that beyond-mean-field correlations sig-
nificantly soften the potential energy surfaces of calcium isotopes and shift the energy minima from nearly spherical
mean-field solutions to deformed shapes. The quadrupole deformation parameters predicted by the ReCD theory
show much better agreement with the available experimental data than the mean-field results, supporting the reliabil-
ity of the calculated potential energy surfaces and highlighting the crucial role of beyond-mean-field correlations.
Due to the sensitive dependence of charge radii on nuclear deformation, the charge radii obtained within the ReCD
framework are generally larger than the mean-field predictions. The nearly identical charge radii of **Ca and *3Ca, as
well as the unexpectedly large charge radius of >2Ca, are well reproduced. Compared with the mean-field calcula-
tions, the description of the odd-even staggering is improved, particularly for the enhanced charge radii of “*Ca and
#Ca. It is also noteworthy that secondary local minima appear in the ReCD-based potential energy surfaces of the
0dd-4 calcium isotopes *'43#’Ca. The present results suggest that shape mixing between different local minima,
which is not fully included in the current calculation, may further improve the description of the pronounced odd-
even staggering observed in calcium isotopes.
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I. INTRODUCTION

Nuclear charge radius is one of the most significant
bulk properties of atomic nuclei. Its study is crucial be-
cause the charge radius serves as a sensitive probe of
various nuclear structure phenomena, including shell
evolution [1-3], shape staggering [4, 5], shape coexist-
ence [6, 7], neutron skin [8—10], and halo structures [11].
Moreover, nuclear charge radii exhibit strong correla-
tions with the saturation density and symmetry energy of
nuclear matter [12—15], making them unique observables
for constraining the nuclear equation of state and, con-
sequently, the properties of neutron stars. Subtle changes
in nuclear structure often manifest as sudden increases,
decreases, or staggering patterns in the evolution of
charge radii as functions of neutron or proton number.
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This makes systematic investigations along isotopic or
isotonic chains a particularly powerful and widely used
approach in nuclear physics. Due to the rapid develop-
ment of electron scattering [16], muonic atom spectro-
scopy [17], and collinear laser spectroscopy [18], an in-
creasing amount of charge-radius data has become avail-
able over extended isotopic and isotonic chains; see the
data compilation in Ref. [19] for more details.

Among the diverse isotopic trends revealed by
charge-radius measurements, the calcium isotopes exhib-
it particularly intriguing behaviors [20—24]. First, the
charge radii of the two doubly magic nuclei “°Ca and
“8Ca are nearly identical, despite the addition of eight
neutrons. Second, the charge radius of 3?Ca is unexpec-
tedly large, which is counterintuitive given the experi-
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mental evidence suggesting the doubly magic character of
this nucleus [25]. Third, a pronounced odd-even stagger-
ing (OES) is observed in the charge radii of calcium
isotopes between *Ca and **Ca. These distinctive fea-
tures have stimulated extensive theoretical investigations
[23, 26—32].

Most studies aimed at understanding the behavior of
charge radii in calcium isotopes are conducted within the
framework of density functional theory (DFT), and sever-
al extensions have been proposed to improve the theoret-
ical description. Within nonrelativistic DFT, for instance,
a density-dependent spin-orbit interaction was intro-
duced in Ref. [28]. This modification succeeds in repro-
ducing the nearly identical charge radii of “Ca and “°Ca
but fails to capture the pronounced OES observed
between *Ca and “*Ca. In a different attempt [31], gradi-
ent terms were incorporated into both the surface energy
and pairing channel, leading to a reasonable reproduction
of the isotopic evolution of charge radii after refitting the
relevant parameters to selected charge-radii differential
data. More recently, within relativistic DFT frameworks,
phenomenological corrections have also been added dir-
ectly to the calculated charge radii in Refs. [33, 34],
yielding an overall satisfactory agreement with experi-
mental data. Despite these successes, important limita-
tions remain. In particular, the microscopic origin of the
gradient terms introduced in Ref. [31] as well as the phe-
nomenological corrections employed in Refs. [33, 34] is
unclear. Moreover, these approaches inevitably introduce
additional parameters that must be constrained by selec-
ted charge-radius data in calcium isotopes. Note that ma-
chine-learning methods have also been widely employed
to improve the description of nuclear charge radii
[35—40]. For example, in Ref. [40], a deep neural net-
work was combined with relativistic DFT and further
constrained by experimental charge radii. The resulting
global accuracy is remarkably improved compared with
the original relativistic DFT calculations, and the in-
triguing behaviors observed in calcium isotopes are well
reproduced. Further disentangling the underlying physics
behind these intriguing behaviors within machine-learn-
ing-based frameworks is an interesting topic for future
studies.

The aforementioned extensions are all formulated at
the mean-field level and exhibit certain limitations. This
naturally raises the question of how beyond-mean-field
correlations affect the charge radii of calcium isotopes.
From a physical perspective, beyond-mean-field correla-
tions are expected to play roles in nuclear charge radii. In
particular, such correlations give rise to dynamical shape
fluctuations and trigger the development of nuclear dy-
namical deformation beyond the mean-field picture. This,
in turn, results in modifications of charge radii, as demon-
strated in Bohr’s collective model [41]. From an experi-
mental viewpoint, the observation of the low-lying super-

deformed band in *°Ca suggests that the potential energy
surfaces of calcium isotopes may be significantly softer
than those predicted by static mean-field calculations
[42]. This softness provides further evidence that beyond-
mean-field effects should be properly taken into account
in a quantitative description of charge radii. Indeed, re-
cent studies based on relativistic DFT (RDFT) combined
with the five-dimensional collective Hamiltonian ap-
proach [43], which incorporates rotational and vibration-
al correlations induced by zero-point motion on top of the
static mean-field solutions, have successfully reproduced
not only the nearly identical charge radii of “°Ca and **Ca
but also the inverted parabolic trend between them.
However, it is worth noting that this study was restricted
to even-even calcium isotopes, and the impact of beyond-
mean-field correlations on the OES of charge radii in cal-
cium isotopes remains an open question.

In the present work, the charge radii of *-32Ca are
investigated within the framework of relativistic config-
uration-interaction density functional (ReCD) theory
[44, 45], a configuration-interaction approach built on mi-
croscopic RDFT. In the ReCD theory, beyond-mean-field
correlations are incorporated through rotational sym-
metry restoration and configuration mixing among vari-
ous quasiparticle excited states. These two ingredients
provide a microscopic treatment of rotational and vibra-
tional correlations associated with zero-point motion, re-
spectively, in close connection with the beyond-mean-
field effects considered in Ref. [43]. To date, ReCD the-
ory has been successfully applied to the study of high-
spin states [44, 45], nuclear weak decays [46, 47], nucle-
ar chiral rotation [48], and nuclear wobbling motion [49],
demonstrating strong predictive power in a variety of
nuclear structure and decay phenomena. An important ad-
vantage of this framework is that even-even, odd-4, and
odd-odd nuclei can be treated on the same footing. This
feature makes ReCD theory particularly suitable for ex-
ploring how beyond-mean-field correlations influence the
odd-even staggering observed in the charge radii of calci-
um isotopes.

This paper is organized as follows. In Sec. II, the the-
oretical framework of ReCD theory is introduced. The
numerical details are presented in Sec. III. In Sec. IV, the
results are discussed. Finally, a summary and outlook are
given in Sec. V.

II. THEORETICAL FRAMEWORK

The nuclear charge radius is evaluated as [50]

re= /(2 +0.64 (fm), (1)

Here, the constant 0.64 accounts for the finite size of the

proton [51], and 1\/{7}) represents the root-mean-square
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radius of the point-proton density distribution. The cor-
responding mean-square radius is defined as

1 (W21
2y = (P 2Ny = B @)
7 LA

where 77 is the proton mean-square radius operator, and
N, is the proton-number operator.

The nuclear many-body wave function |¥;) is de-
rived within the framework of ReCD theory and is ex-
pressed as [46—48]

WMy =Y FEPL D), 3)

K«

where P!, is the three-dimensional angular-momentum
projection operator [52], and P, |®,) denotes the projec-
ted basis. The state |®,) represents an intrinsic state in the
configuration space. For even-even nuclei, the configura-
tion space is constructed as

{100). B3 B5 |00). LB, 1o). BL, B BL AL, 10),
BB BB 100 BLBLBLBL100) “

For odd-N and even-Z nuclei, it is represented by

{ B}, 1®0). B 100), B BL B 100) B A1 BE 1) . (5)

Here, 8! and ji denote the creation operators for proton
and neutron quasiparticles (qp), respectively. All intrins-
ic states in Eqs. (4) and (5) are derived by self-consist-
ently solving the triaxial relativistic Hartree-Bogoliubov
(TRHB) equation [53].

hp—2 A Uy Uy
. . =E; . (6)
-A —/’lz) +A Vk Vk

where U, and V; are the qp wavefunctions, 4 is the Fermi
energy, i is the single-particle Dirac Hamiltonian, and
A is the pairing field. For odd-N and even-Z nuclei, the
quasineutron orbital v, with the lowest qp energy is
blocked during the self-consistent iteration of the TRHB
equation to ensure the correct number parity [52].

The weight coefficients FiZ in Eq. (3) are determined
by the Hill-Wheeler equation:

Z{H;({'K/KK _EIO-NII(’K’KK}F;((; = 0’ (7)

Kk

where Hy, ., = (O |H' P, (|®,) and NL, ., = (D |PL, (D,
represent the energy kernel and the norm matrix, respect-

ively. These kernels can be computed using the Pfaffian
algorithms described in Refs. [54, 55]. The Hamiltonian
H’ is expressed as

H = H-2,(N,-Z) - ,(N, - N). (8)

Here, H = HRPFT 4+ 7" represents the Hamiltonian of the
system. Since the intrinsic states |®,) are not eigenstates
of the proton and neutron number operators, the ReCD
many-body wavefunctions are generally not eigenstates
of the nucleon number operators either. To restore the
correct mean values of the nucleon numbers, we adhere
to the standard procedure [56, 57] and introduce addition-
al constraint terms, —AP(NP -2)-A,(N,—N), in Eq. (8).

The term HARPFT can be derived from a relativistic
Lagrangian density through a Legendre transformation
[53].

A - 1 7 7,
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Pairing correlations are addressed using the pairing
Hamiltonian.

rpair | Sopairl. s\ At ATA A
A = > @BV ys)elesest, (10)

apyd

For V™" we adopt a finite-range separable force [58].
- 1
VP = —Go(R - R’)P(r)P(r’)E(l - P%). (1D

Here, R=(r;+r;)/2 and r =r; —r, represent the center-
of-mass and relative coordinates, respectively. The oper-
ator (1—P7)/2 projects onto the S =0 spin-singlet chan-
nel. Further details on the separable pairing force are
available in Ref. [58]. By combining Egs. (2) and (3), the
final expression for the point-proton mean-square radius
within the framework of ReCD theory is obtained:
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III. NUMERICAL DETAILS

In the present work, the charge radii of **?Ca are
studied within the framework of ReCD theory. Both the
Hamiltonian ARPFT and the TRHB equation are derived
from the relativistic density functional PC-PK1 [59]. For
the pairing Hamiltonian AP, the standard pairing
strength G =728 MeV-fm3, as suggested in Ref. [58], is
adopted. The TRHB equation is solved in a three-dimen-
sional harmonic-oscillator basis with 10 major shells.

Since this study focuses on the charge radii of ground
states, the contributions from the four-qp configurations
in Eq.(4) and the three-qp configurations in Eq.(5) are ex-
pected to be negligible. Therefore, when constructing the
configuration space, only two-qp intrinsic states are in-
cluded for even-even calcium isotopes, and one-qp in-
trinsic states are included for odd-A4 isotopes. Similar to
our previous studies [44—49], a qp excitation-energy
cutoff E, is introduced to truncate the dimension of the
configuration space. In the present calculations, E., =
3.5MeV is adopted, which ensures the convergence of
the relevant results discussed below.

IV. RESULTS AND DISCUSSION

As discussed above, beyond-mean-field correlations
can induce dynamical shape fluctuations and drive the
nucleus toward equilibrium deformations that differ from
those predicted at the mean-field level. To illustrate this
effect, we use *Ca as an example and present in Fig. 1
the potential energy surfaces (PESs) obtained from the
TRHB mean-field calculations, from angular-momentum-
projected states built on top of the mean-field solutions,

60% ) (deg)

and from the complete ReCD calculation, which includes
both angular momentum projection and configuration
mixing.

At the mean-field level, the PES exhibits its minim-
um at 8 =0, indicating that *Ca is predicted to be spher-
ical. Moreover, the surface is relatively stiff, with the ex-
citation energy increasing rapidly to about 2.5 MeV at
B=0.2. After angular momentum projection is per-
formed, the minimum of the corresponding PES shifts to
(B,y)=(0.11,16°), and the surface becomes significantly
softer compared to the mean-field result, as shown in
Fig. 1(b). Such a soft PES implies that additional correla-
tion effects can further modify the equilibrium shape. In-
deed, after including additional correlations induced by
gp configuration mixing within the complete ReCD
framework, the minimum of the PES is further shifted to
a larger deformation, located at (B,y)=(0.21,25°), as
shown in Fig. 1(c). The resulting shape changes are ex-
pected to have a direct impact on the charge radii, as dis-
cussed in the following section.

It is noteworthy that the shape evolution induced by
beyond-mean-field correlations appears to be a general
characteristic across the calcium isotopic chain. In Fig. 2,
the complete PESs for calcium isotopes from *°Ca to
52Ca, obtained within the ReCD framework, are presen-
ted. It is encouraging that the ReCD theory accurately re-
produces the spin and parity J* of odd-N calcium iso-
topes, which positively indicates the predictive capability
of the current approach.

A prominent feature of the ReCD-based PESs is the
pronounced softness along the entire **32Ca isotopic
chain, in stark contrast to the relatively rigid surfaces
predicted by mean-field calculations (see, e.g., TRHB
results in Refs. [60, 61]). Moreover, the equilibrium
shapes exhibit considerable diversity across the isotopic
chain. For *¥49448Ca, the energy minima are located at
v = 60°, indicating oblate-dominated deformation. In con-
trast, “6Ca and 3' Ca exhibit minima at y = 0°, correspond-

ing to prolate-dominated shapes. Interestingly, for
v (deg) deg) Va0

44Ca ; é
- - .03.

Fig. 1.

0 1 0 2
(color onhne) Potentlal energy surfaces (PESs) of #Ca are depicted in the plane defined by the ax1a11y symmetric quadrupole

03 01 02

deformation parameter § and the triaxial deformation parameter y. (a) The PES of the mean-field states is obtained by solving the
TRHB equation. (b) The PES of the 0* states is derived after performing angular-momentum projection on the mean-field states.
(c) The PES of the 0* states is obtained following both angular-momentum projection and configuration mixing, corresponding to the

complete ReCD calculation.
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Color online 1s figure 1s analogous to Fig. C), ut 1t pertains to the calcium i1sotopes ranging from - a to a. € re
(color online) This figure is analog Fig. 1(c), but it pertai he calcium isotopes ranging from *Ca to %*Ca. The red

solid stars represent the locations of the global minima, whereas the red open stars indicate the associated secondary local minima.

41-44.474950.52C3 the minima are found at intermediate val-
ues of y, away from both 0° and 60°, indicating the pres-
ence of triaxial deformation.

These equilibrium deformations differ significantly
from those predicted by the TRHB mean-field calcula-
tions, where all calcium isotopes are found to be nearly
spherical. This distinct shift in the location of the energy
minima underscores the essential role of beyond-mean-
field correlations in shaping the structure of calcium iso-
topes.

The deformation shifts relative to the mean-field res-
ults are physically anticipated. However, from a quantit-
ative standpoint, it is essential to assess whether the
ReCD-predicted shapes align with the available experi-
mental data. In Fig. 3, the quadrupole deformation para-
meter f at the minima of the PESs shown in Fig. 2 is
presented, along with a comparison to the TRHB results
and the experimental values derived from B(E2) data
[62]. It is evident that the experimental § values effect-
ively incorporate dynamical correlations that are absent in
static mean-field calculations. Consequently, all avail-
able experimental § values for even-even calcium iso-
topes are nonzero, with particularly large values of
B ~0.25 for ¥*Ca and *Ca, in stark contrast to the nearly
spherical shapes predicted by the TRHB calculations.
When beyond-mean-field correlations are considered, the
ReCD results reproduce the experimental f values reas-
onably well. These agreements further support the reliab-
ility of the PESs shown in Fig. 2 and underscore the es-
sential role of beyond-mean-field correlations in describ-

0.3 T T T T T T T
= " = Expt.
0.2k aad L RecD -
;o A
oAb ") LAk et
A.__A_.- -
o SN ,'R\ O
0.0F "o oo™ o o®o

38 40 42 44 46 48 50 52 54

Mass Number A
Fig. 3. (color online) The quadrupole deformation paramet-
er 3 at the energy minima positions on the PESs for ¥-32Ca, as
determined from the ReCD calculations (red solid triangles),
is compared with results from TRHB calculations (green open
circles) and available experimental data (black solid squares)
[62].

ing the structural properties of calcium isotopes.

It is reasonable to expect that deformation changes in-
duced by beyond-mean-field correlations will influence
the resulting charge radii, as suggested by Bohr’s collect-

ive model, (") = (r*)p=o ( 1+ Eﬁz . To microscopically

demonstrate the effects of beyond-mean-field correla-
tions on charge radii, we present in Fig. 4 the charge radii
obtained from the ReCD theory, in comparison with
TRHB mean-field results and available experimental
data. As discussed previously, the intrinsic states |®,) are
not eigenstates of the proton-number operator, and con-
sequently, the ReCD many-body wave functions |¥;) are
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-0.1
-0.2

AP)(A) (fm?)

Ca isotopes

35 L
38 40 42 44 46 48 50 52 54
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Fig. 4. (color online) Charge radii of calcium isotopes calcu-
lated within the ReCD framework (red solid triangles) are
compared with results from TRHB mean-field calculations
(green open circles) and available experimental data (black
solid squares) [23]. The red open triangles represent the
charge radii derived from the many-body wavefunctions asso-
ciated with the secondary local minima shown in Fig. 2. The
inset displays the corresponding odd-even staggering factor,
AP (A), extracted using the three-point formula for calci-
um isotopes with mass numbers ranging from 40 to 46; see the
text for details.

not exact eigenstates of N,. To mitigate the effects of
particle-number nonconservation, the constraint terms
~A,(N, = Z)— 2,(N, — N) are introduced, as shown in Eq.
(8). The validity of this prescription for the total nuclear
energy has been well established [56, 57]. However, in
practical calculations, we find that the expectation value
(‘I’,lIVpl‘P,> slightly deviates from the exact proton num-
ber Z =20, and this deviation becomes more pronounced
when quasiparticle configuration mixing is included.
Since the evaluation of charge radii depends on properly
normalized proton densities [see Eq. (12)], such devi-
ations may affect the calculated radii. To avoid this con-
tamination, we neglect the contributions from excited
quasiparticle configurations when evaluating charge radii,
i.e., we omit the summation over the index x in Eq. (12).
This is an approximation, and a more rigorous treatment
would require an explicit particle-number projection of
the ReCD many-body wave functions, which will be pur-
sued in future work.

As shown in Fig. 4, the TRHB mean-field calcula-
tions reproduce the nearly identical charge radii of “°Ca
and “Ca, as well as the anomalously large charge radius
of the neutron-rich isotope 3*Ca. However, they signific-
antly underestimate the charge radii in the region from
42Ca to “Ca. The observed OES phenomenon, which is
more clearly quantified by the three-point formula
A (A) = é[<r§><A — D+ A+ D=20D A, is  al-
most absent in the TRHB calculations. In comparison, the
ReCD calculations generally yield larger charge radii.
Both the near degeneracy of the charge radii of “°Ca and
#Ca and the enhanced radius of >2Ca are well repro-
duced. More importantly, as shown in the inset of Fig. 4,

the pronounced OES between #'Ca and **Ca, as well as
between “Ca and *Ca, is described satisfactorily, al-
though the amplitudes are slightly smaller than the exper-
imental values. Nevertheless, because the ReCD calcula-
tion overestimates the charge radius of **Ca, the calcu-
lated staggering pattern around this isotope has an oppos-
ite phase compared with the experimental data. The over-
estimation suggests that the predicted deformation of
#Ca may be too large and that additional correlations are
still missing in the present ReCD calculation. It is note-
worthy that a secondary minimum appears on the PES of
#Ca (see Fig. 2). Interestingly, the charge radius associ-
ated with this secondary minimum is in better agreement
with the experimental data. In fact, as shown in Fig. 2, the
PESs of calcium isotopes are generally soft, indicating
that large-amplitude shape fluctuations may play an im-
portant role. Such effects can, in principle, only be prop-
erly described by approaches such as the generator co-
ordinate method or the five-dimensional collective
Hamiltonian method. Incorporating large-amplitude
shape fluctuations by mixing different nuclear shapes
within the ReCD framework, and exploring their impact
on the charge radii of calcium isotopes, therefore repres-
ents an important direction for future work.

V. SUMMARY AND OUTLOOK

In summary, the charge radii of **->2Ca have been in-
vestigated within the framework of relativistic configura-
tion-interaction density functional (ReCD) theory. This
approach incorporates beyond-mean-field correlations
through rotational symmetry restoration and configura-
tion mixing, treating both even-even and odd-A4 isotopes
on the same footing. It is found that beyond-mean-field
correlations soften the potential energy surfaces and shift
the equilibrium shapes of calcium isotopes from nearly
spherical mean-field solutions to deformed configura-
tions. Using **Ca as an example, we have detailed how
the potential energy surface evolves when the beyond-
mean-field correlations induced by rotational symmetry
restoration and configuration mixing are successively
considered. The reliability of the calculated potential en-
ergy surfaces and the corresponding deformation para-
meters is supported by their satisfactory agreement with
experimental deformation values extracted from B(E2)
data. Notably, the large deformations of **Ca and *Ca,
which are predicted to be nearly spherical by mean-field
calculations, are well reproduced within the ReCD frame-
work. Due to the sensitive dependence of charge radii on
nuclear deformation, the charge radii obtained after in-
cluding beyond-mean-field correlations are generally lar-
ger than the mean-field predictions. The nearly identical
charge radii of “°Ca and “*Ca, as well as the unexpec-
tedly large charge radius of *2Ca, are successfully repro-
duced. More importantly, the pronounced odd-even stag-
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gering between *'Ca and **Ca, as well as between *Ca
and Ca, is also well described, primarily due to the en-
hanced deformations predicted for “*Ca and *Ca.
However, the odd-even staggering between “*Ca and “*Ca
is not reproduced in the present calculations, as the
charge radius of “*Ca is overestimated. For ¥*Ca, we find
that a secondary local minimum, with an energy close to
that of the global minimum, appears in the potential en-
ergy surface. The charge radius obtained from the many-
body wavefunction associated with this secondary min-

imum shows better agreement with the experimental data.
This finding highlights the potential importance of shape
mixing, which is not fully captured in the present frame-
work, for describing the charge radii of odd-4 calcium
isotopes. Therefore, incorporating shape mixing, for
example, through a generator-coordinate-method exten-
sion of the present ReCD theory, and investigating its im-
pact on the odd-even staggering of charge radii in calci-
um isotopes will be an interesting direction for future
work.
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