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Abstract: Entropy production in cosmological nonequilibrium processes can be difficult to characterize when inter-
mediate  states  lack  a  well-defined  local  thermodynamic  entropy.  Motivated  by  monopole  production  and  strongly
supercooled  cosmological  phase  transitions,  we  introduce  the  equilibrium-completion  entropy  potential  (ECEP),  a
counterfactual  measure  of  equilibrium  entropy  capacity.  For  a  given  underlying  theory,  the  Landau-frame  energy
density  of  the  actual  local  state  defines  a  maximum-entropy  equilibrium-completion state,  and  its  equilibrium en-
tropy density defines the ECEP. We derive an exact local identity that relates the divergence of the associated ECEP
current to the mismatch between the actual stress tensor and the equilibrium-completion stress tensor. We present the
corresponding finite-domain balance and resolved-hard matching formulations, with the caveat that predictive clos-
ure of the hard-region contribution lies beyond the present ECEP treatment. As cosmological benchmarks, we show
that  a  strictly  equilibrated crossover  transition conserves  comoving ECEP despite  changes  in  the  equation of  state
and in the number of relativistic degrees of freedom, whereas the equilibrium-completion target of a first-order phase
transition generally includes the phase-coexistence branch.
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I.  Introduction

Cosmological phase transitions [1, 2] can have a wide
range of  important  consequences,  including  the  produc-
tion of topological  defects  [3−5],  stochastic gravitational
waves  [6−10],  the  baryon  asymmetry  [11],  primordial
magnetic  fields  [12],  and  curvature  perturbations
[13−16]. Particularly interesting are strongly supercooled
first-order  phase  transitions,  in  which  the  Universe  can
remain  trapped  in  a  metastable  phase  for  an  extended
period  before  the  transition  completes  [17−19].  Such
transitions  may  involve  a  substantial  release  of  vacuum
energy  and  can  enhance  the  prospects  for  observable
gravitational-wave signals [20]. At the same time, the as-
sociated entropy  production  can  significantly  affect  cos-
mological relics [21]: it can dilute the final abundance of
particles or  topological  defects  and  modify  the  redshift-
ing of  primordial  gravitational  waves.  This  raises  an  in-

triguing question  near  the  boundary  of  successful  trans-
ition  completion:  as  a  strongly  supercooled  transition  is
pushed  toward  this  boundary  from  the  completing  side,
can the final yield of topological defects be made arbitrar-
ily small1), and how large a gravitational-wave signal can
remain observable? Addressing such questions requires a
controlled  treatment  of  the  entropy  generated  during  the
transition and of the resulting cosmological dilution.

Strongly supercooled first-order phase transitions [18,
26−35] can also enter  regimes in which standard simpli-
fied descriptions  are  difficult  to  justify.  Because  nucle-
ation  may  be  delayed  for  a  substantial  fraction  of  a
Hubble time, bubbles can grow to sizes comparable to the
Hubble  radius  [17, 18]; in  sufficiently  prolonged  trans-
itions,  even  larger  physical  scales  may  become relevant.
At the same time, the conversion of vacuum energy need
not immediately produce a thermal bath: the intermediate
state may  contain  strongly  nonthermal  particle  distribu-
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tions, relativistic  bulk  motion,  coherent  scalar  field  con-
figurations and  waves,  and  other  forms of  stress  that  re-
main  far  from  local  thermodynamic  equilibrium  (LTE)
[6, 31, 36]. At scales comparable to the bubble size, large
spatial  inhomogeneities  can  then  limit  the  validity  of  a
homogeneous  Friedmann-Lemaître-Robertson-Walker
(FLRW)  description  [37−39],  while  the  absence  of  LTE
precludes the usual assignment of a local thermodynamic
entropy density. This creates a basic difficulty in entropy
accounting.  If  the  transition  ultimately  completes,
thermalizes, and  the  Universe  returns  to  an  approxim-
ately  homogeneous  FLRW  state,  one  generally  expects
reheating and relaxation to produce a substantial increase
in  comoving  entropy  relative  to  the  pre-transition  state.
Yet  the  physical  origin  and  spacetime  accumulation  of
this  entropy  increase  are  embedded  precisely  in  the
highly inhomogeneous and strongly nonequilibrium stage
where  the  conventional  thermodynamic  description  is
least reliable.

This  situation  motivates  us  to  define  a  concept  that
can characterize the thermalization capacity of a nonequi-
librium state, especially in curved spacetime, where a ca-
nonical conserved  global  matter  energy  is  generally  un-
available [40]. Since curved spacetime is locally flat, it is
natural  to  begin  with  local  quantities.  The  distinguished
local frame is the Landau frame, in which the matter en-
ergy flux vanishes. In such a frame, all the energy can, in
principle, be thermalized, and it is therefore reasonable to
consider the maximum entropy associated with this coun-
terfactual  auxiliary  thermalization  process.  In  this  work,
we formulate this idea as the equilibrium-completion en-
tropy potential (ECEP) and introduce an associated ECEP
current to describe its spacetime evolution. Although the
ECEP concept is motivated by strongly supercooled first-
order  phase  transitions  in  which  a  homogeneous  FLRW
description  may  fail,  we  nevertheless  recognize  that,  in
such  cases,  the  spacetime  contribution  to  ECEP  can  be
decomposed into  what  we  term  resolved  and  hard  re-
gions.  The  contribution  from  resolved  regions  can,  in
principle,  be  handled  with  predictive  closure  relations,
whereas the treatment of the hard-region contribution re-
mains an open problem, which we leave for future work.

The  remainder  of  this  paper  is  organized  as  follows.
In Sec. II, we define the ECEP and discuss its physical in-
terpretation  and  relation  to  the  reference-state  and  local
Gibbs  constructions  [41−45]  in  relativistic  statistical
mechanics. In Sec. III, we derive the local ECEP identity,
Eq. (36), which is the central result of our paper. We also
discuss  the  finite-domain balance  relation and its  further
decomposition into contributions from resolved and hard
regions.  In  Sec.  IV,  we  illustrate  the  use  of  ECEP  with
cosmological  phase-transition  benchmarks,  considering

(−,+,+,+)

an equilibrium  crossover  in  a  homogeneous  FLRW  uni-
verse  and  a  first-order  phase  transition  involving  phase
coexistence.  We summarize our  results  and discuss  their
implications  and  limitations  in  Sec.  V.  Throughout  the
main text, we restrict to the simplest setting, in which all
degrees of freedom included in the construction can parti-
cipate  in  the  thermalization  process  and  no  conserved
charge  needs  to  be  treated  explicitly.  In  the  terminology
used in Appendix A, this corresponds to a single thermal-
ization-connected  sector  with  no  additional  conserved-
charge  or  other  completion  constraints.  More  general
cases  are  treated  in  Appendix  A.  Throughout  this  work,
we use the metric signature . 

II.  Equilibrium-Completion Entropy Potential
 

A.    Motivation and Construction Principle
The need for  a  measure of  thermalization capacity is

related  to  a  crucial  difference  between  flat  and  curved
spacetimes. For  an  isolated  system  of  fixed  volume  de-
scribed  by  a  given  underlying  theory  in  Minkowski
spacetime, once the  total  energy is  known,  the  equilibri-
um entropy that the system can ultimately support is fixed
by  ordinary  equilibrium  thermodynamics,  regardless  of
the complexity of the intermediate nonequilibrium evolu-
tion.  In  this  case,  introducing  an  additional  measure  of
thermalization  capacity  is  generally  unnecessary.
However, in  a  generic  curved  spacetime,  there  is  no  ca-
nonical  globally  conserved  matter  energy  that  can  play
the  same  role.  It  is  therefore  natural  to  characterize
thermalization capacity first from a local perspective.

T µν

uµL

A local measure of the energy available for thermaliz-
ation  must  therefore  be  identified.  The  energy  density
measured  by  an  arbitrary  observer  is  unsuitable  for  this
purpose because it includes the kinetic energy associated
solely with  the  overall  motion  of  the  local  system relat-
ive to  that  observer.  This  observer-dependent boost  con-
tribution is  not  an  intrinsic  resource  that  can  be  conver-
ted into internal thermal energy through local relaxation.
We therefore anchor the construction to the Landau frame
[46]  of  the  actual  stress-energy  tensor ,  defined,
whenever  it  exists  uniquely,  by  a  future-directed  unit
timelike eigenvector  satisfying1)
 

T µνuLν = −ρLuµL, uµLuLµ = −1. (1)

The corresponding  Landau  energy  density  can  equival-
ently be expressed as 

ρL = T µνuLµuLν. (2)

Chen Zhang, Xin Zhang Chin. Phys. C 51, (2026)

T µν S m

Tµν = −(2/
√−g)δS m/δgµν

1) Here  denotes the stress-energy tensor of the matter degrees of freedom included in the ECEP construction, obtained by varying their matter action  with re-
spect to the spacetime metric,  [40].
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uµL
It represents the energy density measured in the local en-
ergy  frame  comoving  with ,  in  which  the  energy  flux
vanishes. This  prescription  removes  the  energy  associ-
ated solely with an overall boost of the local system relat-
ive  to  an  external  observer,  while  retaining  its  intrinsic
Landau-frame energy content.

T µν = −ϵgµν

T µν = −ϵgµν+T µνnv
T µνnv

We note that the timelike Landau eigenvector associ-
ated with an exact vacuum stress tensor  is not
unique.  For  a  vacuum-dominated  state  with  a  nonzero
non-vacuum  component, , this  ambigu-
ity  is  absent  provided  that  has  a  unique  timelike
Landau eigenvector.  The  vacuum  term  changes  the  cor-
responding  eigenvalue  but  not  the  eigenvector,  even
when the non-vacuum component is very small. Realistic
cosmological applications always contain a nonzero non-
vacuum  component,  so  this  exact  degeneracy  does  not
arise in our applications.  We therefore restrict  the ECEP
current to states for which the actual stress-energy tensor
has a unique timelike Landau eigenvector.

To characterize the thermalization capacity of the ac-
tual local state, one may ask the counterfactual question:
what is the maximum entropy density that can be suppor-
ted for a given Landau-frame energy density? The use of
constrained  entropy  maximization  is  consistent  with  the
standard  equilibrium  principle  [47, 48]  of  selecting  the
entropy-maximizing state compatible with the prescribed
macroscopic constraint. One virtue of this construction is
that it does not require choosing an equilibrium phase or
knowing  which  state  the  actual  system will  reach  in  the
future.

This  maximum-entropy  prescription  is  particularly
important when the equilibrium thermodynamics admits a
first-order  phase  transition.  The  maximization  must  then
include the  full  set  of  admissible  equilibrium  configura-
tions,  including  phase-coexistence states,  rather  than  se-
lecting a  homogeneous  phase  by  an  additional  rule.  Un-
der the standard assumptions of extensive thermodynam-
ics and in the thermodynamic limit, the coexistence branch
also  makes  the  resulting  equilibrium-completion  entropy
density a continuous and differentiable function of the en-
ergy density across the first-order coexistence interval.

With  these  construction  principles  established,  we
now introduce the concept of ECEP in two steps. We first
define  the  equilibrium thermodynamic  state  functions  of
the counterfactual  target  in  an  auxiliary  Minkowski  sys-
tem,  and  then  evaluate  them  locally,  in  Sec.  II.C,  using
the  Landau-frame  energy  density  of  the  actual  curved-
spacetime state. 

B.    Equilibrium-Completion Thermodynamics
Target-side thermodynamics  is  the  standard  thermo-

dynamics of  stable  equilibrium in the underlying theory,
formulated here as constrained entropy maximization. We
first  express  this  maximization  in  terms  of statistical
states. By a statistical state, we mean a probabilistic spe-

Γ

S stat[Γ]
kB = 1

cification  of  the  microscopic  state  of  the  system  [49]:  a
density operator in a quantum description, or a probabil-
ity  distribution  or  measure  on  phase  space  in  a  classical
description. We denote such a state generically by  and
its  statistical  entropy by . Thus,  in  a  quantum de-
scription with , 

S stat[Γ] = −Tr(Γ lnΓ), (3)

S statwhereas,  in  a  classical  description,  denotes the  cor-
responding Gibbs entropy.

HV

ρ

To make the construction precise, consider an auxili-
ary system in Minkowski spacetime with physical volume
V and Hamiltonian , and specify its rest-frame energy
density . We denote by 

AV (ρ) (4)

the admissible set which consists of normalized statistic-
al states  of  this  system  that  are  compatible  with  the  un-
derlying theory  and  satisfy  the  prescribed  energy  con-
straint. In a quantum description, its elements satisfy 

TrΓ = 1,
1
V

Tr(ΓHV ) = ρ, (5)

S stat

with  the  corresponding  phase-space  normalization  and
energy average interpreted in the classical sense. At fixed
V, an equilibrium-completion state is any admissible stat-
istical state that maximizes . When such a maximizer
exists, it can be written as 

ΓEC,V ∈ argmax
Γ∈AV (ρ)

S stat[Γ]. (6)

We  emphasize  that  this  is  a  global  maximization:  if
multiple  local  maxima  exist,  only  the  state  with  the
highest entropy is selected, whereas metastable equilibri-
um states are discarded.

The  corresponding  equilibrium-completion  entropy-
density function is defined by the thermodynamic limit 

sEC(ρ) = lim
V→∞

1
V

sup
Γ∈AV (ρ)

S stat[Γ], (7)

sEC(ρ)

provided  that  this  limit  exists.  The  volume V appearing
here  is  an  auxiliary  thermodynamic  volume  used  to
define bulk equilibrium thermodynamics. Thus,  is
a  thermodynamic state  function of  the prescribed energy
density.

sEC(ρ)

The  standard  intensive  thermodynamic  quantities  of
the  equilibrium-completion  target  are  obtained  from this
state  function.  Wherever  is  differentiable,  we
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TEC(ρ)define the equilibrium-completion temperature  by 

1
TEC
=

dsEC

dρ
. (8)

The  equilibrium-completion  pressure  can  be  obtained
from the Euler relation 

pEC = TECsEC−ρ. (9)

TEC pECBoth  and  are  thermodynamic  properties  of  the
counterfactual  equilibrium  target.  They  should  not  be
identified with  the  temperature  or  thermodynamic  pres-
sure of an arbitrary actual nonequilibrium state.

Tc pc

(ρ1, s1) (ρ2, s2)
ρ1 < ρ2

ρ1 < ρ < ρ2

The maximum-entropy construction has an important
feature when the equilibrium thermodynamics includes a
first-order phase transition. Suppose that two equilibrium
phases  coexist  at  temperature  and  pressure ,  with
energy  and  entropy  densities  and ,  where

.  For  a  prescribed  intermediate  energy  density
,  the  maximum-entropy  target  is  represented,

in the thermodynamic limit, by a phase-coexistence state,
which can be written as 

ρ = (1−λ)ρ1+λρ2, (10)

 

sEC(ρ) = (1−λ)s1+λs2, (11)

0 ≤ λ ≤ 1where  denotes  the  equilibrium volume fraction
of the second phase in the auxiliary thermodynamic sys-
tem. Along this coexistence branch, 

TEC = Tc, pEC = pc. (12)

ρi+ pc = Tcsi

The coexistence  construction  also  explicitly  demon-
strates the regularity stated in Sec. II.A. Since each coex-
isting phase satisfies , one obtains 

dsEC

dρ
=

s2− s1

ρ2−ρ1
=

1
Tc
. (13)

dsEC/dρ = 1/T 1/Tc

sEC(ρ)

The  adjacent  pure-phase  equilibrium  branches  also
satisfy  and approach  at the endpoints
of coexistence. Thus,  is continuous and differenti-
able throughout the coexistence interval, although higher-
order derivatives are generally nonanalytic. 

C.    ECEP of an Actual Nonequilibrium State

(M,gµν)

We now return to the physical  curved spacetime and
combine the  two  components  of  the  construction  de-
veloped  above.  Let  be  the  physical  spacetime,

x

ρL(x)

and consider  a  spacetime point  at  which the stress-en-
ergy tensor has the unique future-directed timelike Land-
au eigenvector  introduced  in  Sec.  II.A.  The  state  there-
fore  determines  the  Landau-frame  energy  density ,
while Sec. II.B provides the equilibrium-completion ther-
modynamic functions. We define the local ECEP density
by  evaluating  the  equilibrium-completion  entropy-dens-
ity function at this local energy density, 

sEC(x) ≡ sEC(ρL(x)) . (14)

sEC

sEC(ρ)

sEC(x)

We use the same symbol  for  the thermodynamic
state function and for its value in the actual state; the ar-
guments  distinguish  the  two.  Thus,  denotes  the
equilibrium thermodynamic state function defined in Sec.
II.B,  whereas  denotes  a  scalar  field  on  the  actual
spacetime. Analogously, the equilibrium-completion tem-
perature and pressure associated with the actual local en-
ergy density are 

TEC(x) ≡ TEC(ρL(x)) , pEC(x) ≡ pEC(ρL(x)) . (15)

These quantities characterize the counterfactual equi-
librium target associated with the actual local state.

sEC(ρ)
ρL

τEC

The ECEP assigned to an actual state also depends on
the  resolution  at  which  its  stress-energy tensor  is  spe-
cified. In the main text, we use the stress-energy tensor of
the retained degrees of freedom at the adopted resolution
and  treat  them as  a  single  thermalization-connected sec-
tor  without  imposing  additional  conserved-charge con-
straints.  The  coarse-graining  used  in  the  first-order
benchmark is  specified  in  Sec.  IV.B,  while  thermaliza-
tion connectivity and conserved charges are discussed in
Appendix A.  Once  the  theory,  sector  partition,  and  re-
tained  constraints  are  fixed,  the  function  is  fixed.
Changing  the  resolution  can  still  change  and, there-
fore, the ECEP assigned to the same physical state. Like-
wise, changing the completion timescale  changes the
ECEP only  if  it  changes  the  sector  partition  or  the  con-
straints retained in the completion problem.

The construction has the following consistency prop-
erty. Suppose that the actual local state itself realizes the
maximum-entropy  equilibrium  state  at  the  same  Landau
energy density. In that case, 

sEC(x) = sth(x), (16)

sth(x)where  is the ordinary thermodynamic entropy dens-
ity of  the  actual  equilibrium  state.  LTE  alone  is  insuffi-
cient  for  this  equality  to  hold.  For  example,  a  locally
equilibrated metastable phase need not realize the global
entropy maximum at fixed energy density when a higher-
entropy equilibrium configuration is available. The relev-
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ant condition is therefore that the actual state itself coin-
cides with  the  equilibrium  state  selected  by  the  maxim-
um-entropy construction.

uµLIt is convenient to define the ECEP current using  

JµEC(x) ≡ sEC(x)uµL(x). (17)

JµEC

JµEC

In general,  should be distinguished from the entropy
current of  the  actual  nonequilibrium  state,  if  such  a  no-
tion exists.  The divergence of  encodes the evolution
of the ECEP, which is analyzed in Sec. III.

Σ

(M,gµν) nµ

nµnµ = −1 dΣ
Σ

D ⊂ Σ

The  ECEP current  provides  a  covariant  definition  of
the  ECEP for  a  finite  spatial  domain.  Let  be a  space-
like hypersurface in , let  be its future-directed
unit timelike normal satisfying ,  and let  de-
note the proper spatial volume element induced on . For
a finite domain , we define the finite-domain ECEP
as the flux of the ECEP current through D, 

PEC[D,Σ] ≡ −
∫

D
JµECnµ dΣ. (18)

We introduce the relative Lorentz factor between the hy-
persurface-normal observers and the local Landau frame, 

γun ≡ −uµLnµ ≥ 1, (19)

Equation (18) can equivalently be written as 

PEC[D,Σ] =
∫

D
sECγun dΣ. (20)

nµ = uµL γun = 1
When  a  hypersurface  orthogonal  to  the  Landau  flow

is available, such that , then , and the defin-
ition reduces to its rest-frame form 

PEC[D,Σ] =
∫

D
sEC dΣ. (21)

JµEC

More  generally,  however,  constructing  the  ECEP  in  the
Landau frame  does  not  require  the  existence  of  a  foli-
ation orthogonal to the Landau flow. Since  is not as-
sumed to be conserved, the finite-domain ECEP is gener-
ally associated with both the specified spatial domain and
the hypersurface on which it is evaluated, and it need not
be a conserved charge. 

D.    Relation to Reference-State and Local Gibbs
Constructions

It  is  useful  to  compare  the  above  construction  with
earlier equilibrium-reference constructions. In relativistic
dissipative  hydrodynamics,  Ref.  [41] introduces  a  ficti-

sEC(ρL)

tious  local-equilibrium  reference  state  whose  energy
density is matched to that of the actual fluid in the Land-
au  frame.  The  entropy  density  of  this  reference  state
provides an  equilibrium baseline  for  describing  dissipat-
ive corrections  and  constructing  the  nonequilibrium  en-
tropy current. With the same equilibrium equation of state
and constraints, this reference entropy density may there-
fore coincide with . A related construction is used
in  Ref.  [42],  where  an  equivalent  equilibrium  entropy
density  is  assigned  to  a  pre-equilibrium  energy  density
and  used  as  a  matching  variable  when  switching  from a
pre-equilibrium description to hydrodynamics.

sEC

sEC

The present construction differs both in how the refer-
ence state  is  selected  and  in  the  role  assigned  to  its  en-
tropy  density.  The  equilibrium-completion  target  is
defined by global entropy maximization over the admiss-
ible states at fixed Landau-frame energy density. Thus, in
the absence  of  additional  completion  constraints,  meta-
stable  entropy  extrema  are  not  selected  as  completion
states, and the phase-coexistence branch is included when
it  yields  the  stable  equilibrium  maximum.  The  resulting

 is  not  used as  a  local-equilibrium baseline  for  a  dis-
sipative expansion or as a matching variable between two
dynamical  descriptions.  Instead,  we  interpret  as  the
equilibrium  entropy  capacity  associated  with  the  actual
local state and study its evolution through the ECEP cur-
rent and finite-domain balance.

It  is  also  useful  to  compare  ECEP  with  the  local
Gibbs construction of nonequilibrium statistical  mechan-
ics  [43−45]. Both  constructions  employ  constrained  en-
tropy  maximization  with  locally  prescribed  information
and have a counterfactual character. The key difference is
that the local Gibbs construction is intrinsically based on
a  chosen  Cauchy  hypersurface,  whereas  ECEP  starts
pointwise  and  is  intrinsically  connected  to  the  Landau
frame.  Therefore,  in  the  local  Gibbs  construction,  one
first obtains a global entropy associated with the Cauchy
hypersurface;  a  local  entropy  density  or  current  arises
only through further  localization.  In  the  ECEP construc-
tion, the local ECEP entropy density is obtained first, and
a finite-domain ECEP is then obtained by integration. In
general, the Landau flow need not be hypersurface-ortho-
gonal, so  the  relation  between  the  local  Gibbs  construc-
tion and the local ECEP is not straightforward; we leave
this question for future study. 

III.  The Local ECEP Identity and ECEP Evolution
 

A.    Exact local ECEP identity

uµL

We derive the local evolution law for the ECEP cur-
rent introduced in Eq. (17).  We consider a spacetime re-
gion in which the Landau four-velocity  is well defined
and the stress-energy tensor entering the ECEP construc-
tion is locally conserved, 
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∇µT µν = 0. (22)

The  equilibrium-completion  state  functions  of  Sec.  II.B
can  be  evaluated  along  a  differentiable  thermodynamic
branch.

We first  introduce the spatial  projector  orthogonal  to
the Landau four-velocity, 

hµν ≡ gµν+uµLuνL, (23)

hµνuLν = 0 uµL
T µν

which  satisfies .  Because  is the  timelike  ei-
genvector of , the energy flux vanishes in the Landau
frame. Thus, the stress-energy tensor can be decomposed
as [46] 

T µν = ρLuµLuνL + pacthµν+πµν. (24)

pact πµν
Here,  the  isotropic  component  of  the  actual  spatial

stress, , and the anisotropic stress, , are given by 

pact ≡
1
3

hµνT µν, πµν ≡ hµαhνβT αβ− pacthµν, (25)

so that 

uLµπ
µν = 0, πµµ = 0. (26)

The  local  deformation  of  the  Landau  congruence
enters through its expansion scalar 

θ ≡ ∇µuµL (27)

and shear tensor 

σµν ≡ hµαhνβ∇(αuLβ)−
1
3
θhµν, (28)

uµLσµν = 0 σµµ = 0
where  parentheses  denote  symmetrization.  The  shear
tensor is transverse and traceless:  and .

uνLProjecting Eq. (22) along  and using the decompos-
ition (24) yields 

0 = uLν∇µT µν = −uµL∇µρL − (ρL + pact)θ−πµν∇µuLν. (29)

πµν

∇µuLν

Because  is  symmetric,  spatial,  and  traceless,  its
contraction  with  receives  contributions  only  from
the shear component of the velocity gradient. Therefore, 

πµν∇µuLν = π
µνσµν, (30)

and  Eq.  (29)  becomes  the  local  energy  equation  in  the

Landau frame 

uµL∇µρL + (ρL + pact)θ+πµνσµν = 0. (31)

JµEC = sECuµL
We now evaluate the divergence of the ECEP current,

. Using its definition, 

∇µJµEC = uµL∇µsEC+ sECθ. (32)

sEC(x) = sEC(ρL(x))Because ,  the  thermodynamic  relation
in Eq. (8) yields 

uµL∇µsEC =
1

TEC
uµL∇µρL. (33)

Using also the Euler relation, 

TECsEC = ρL + pEC, (34)

Equation (32) can therefore be expressed as 

∇µJµEC =
1

TEC

[
uµL∇µρL + (ρL+ pEC)θ

]
. (35)

Finally,  substituting  the  actual  energy  equation  (31)
yields 

∇µJµEC =
(pEC− pact)θ−πµνσµν

TEC
. (36)

sEC TEC pEC

Eq. (36)  is  the  exact  local  ECEP  identity  in  the  set-
ting considered in the main text. Here, "exact" means that
the  relation  follows  algebraically  from  local  stress-en-
ergy  conservation  and  the  equilibrium  thermodynamic
identities defining , , and .

sEC(ρ)

The  identity  applies  wherever  the  quantities  entering
it  are  sufficiently  regular  and  the  same  differentiable
equilibrium-completion thermodynamics  can  be  fol-
lowed locally. The phase-coexistence branch discussed in
Sec. II.B does not, in itself, obstruct this construction, be-
cause  is  continuous  and  differentiable  across  the
coexistence interval under the assumptions made there.

S µ0 = s0uµ

S µ0

An equation with a similar algebraic form appears in
the context of relativistic dissipative hydrodynamics. Ref.
[41] introduces a local-equilibrium reference entropy cur-
rent  and  derives  its  divergence  in  its  Eq.  (58),
which, after appropriate conversion, takes the same form
as Eq. (36) in the Landau-matched limit. As discussed in
Sec.  II.D,  the  reference  state  in  Ref.  [41]  is  used  as  the
local-equilibrium  baseline  of  dissipative  hydrodynamics.
Its  entropy  current  forms  the  equilibrium  part  of  the
nonequilibrium entropy current, whose divergence is con-

Chen Zhang, Xin Zhang Chin. Phys. C 51, (2026)
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JµECstrained by the second law. In the present work,  is in-
stead used  to  characterize  the  equilibrium  entropy  capa-
city,  which  relies  on  global  entropy  maximization,  and
the ECEP  evolution  is  not  constrained  by  a  correspond-
ing second  law.  The  derivation  of  Eq.  (36)  does  not  as-
sume that  the  actual  state  is  close  to  LTE or  require  hy-
drodynamic constitutive relations. 

B.    Physical interpretation of the local identity

ρL

θ

The  physical  content  of  the  local  ECEP  identity  can
be understood by comparing the actual Landau-frame en-
ergy response with a counterfactual adiabatic response of
the corresponding equilibrium-completion state. At a giv-
en  spacetime  point,  consider  the  equilibrium-completion
state  that  has  the  same  energy  density  as  the  actual
state. If this state were displaced infinitesimally along its
equilibrium family  while  subject  to  the  same  instantan-
eous  expansion  scalar ,  and  if  its  equilibrium  entropy
were  transported  adiabatically,  its  energy-density re-
sponse would satisfy 

uµL∇µρ
∣∣

EC,ad = −(ρL + pEC)θ. (37)

By  contrast,  the  Landau-frame  energy  density  satisfies
Eq. (31), 

uµL∇µρL = −(ρL + pact)θ−πµνσµν. (38)

Eq. (35) can therefore be expressed as 

TEC∇µJµEC = uµL∇µρL − uµL∇µρ
∣∣

EC,ad . (39)

1/TEC = dsEC/dρL

Thus,  the  local  change in  the  ECEP measures  the  extent
to  which  the  actual  Landau-frame  energy-density re-
sponse  deviates  from  the  adiabatic  response  that  would
preserve the comoving entropy of the corresponding equi-
librium-completion target. The factor  is
therefore  a  thermodynamic  response  coefficient  of  that
target.

Eq.  (39)  provides  a  direct  interpretation  of  Eq.  (36).
The first term on the right-hand side of Eq. (36), 

(pEC− pact)θ
TEC

, (40)

pact

pEC

represents  a  mismatch  in  the  isotropic  response.  At  the
same Landau energy density,  is the isotropic mechan-
ical  stress  carried by the actual  state,  whereas  is  the
thermodynamic  pressure  of  the  equilibrium-completion
state. Their  difference  therefore  quantifies  how  the  iso-
tropic  component  of  the  actual  energy  response  differs
from the adiabatic reference. For example, for an expand-

θ > 0
pact < pEC

∇µJµEC

ing Landau congruence with , and in the absence of
the  anisotropic  contribution,  implies  that  the
actual  energy  density  decreases  more  slowly  than  in  the
equilibrium-adiabatic reference  evolution,  thereby  mak-
ing  a  positive  contribution  to .  This  interpretation
applies equally to states near and far from LTE.

The second term, 

−π
µνσµν
TEC

, (41)

πµνσµν

accounts  for  the  part  of  the  actual  Landau-frame  energy
response associated with anisotropic stress and shear de-
formation  of  the  Landau  congruence.  The  equilibrium-
completion state is locally isotropic and therefore has no
counterpart  to  this  term.  The  sign  of  the  contraction

 is  not  fixed  in  a  generic  nonequilibrium  state,  so
this term  does  not  necessarily  represent  irreversible  dis-
sipation.

uµL

pact

−pdV

In  general,  these  terms  should  not  be  interpreted  as
thermodynamic work. The Landau congruence is defined
by the local energy flow and need not be a material con-
gruence;  diffusion  or  other  transport  relative  to  may
occur  [46],  and in  a  general  field-theoretic or  multicom-
ponent system, there need not be a unique material velo-
city.  Moreover,  need not  be  a  thermodynamic  pres-
sure, and the standard interpretation of  as thermo-
dynamic work requires the process under consideration to
be quasistatic, which need not be the case.

We note that,  if  the actual stress is close to the equi-
librium-completion  pressure  and  satisfies  the  first-order
viscous relations [46, 50] 

pact = pEC+Π, Π = −ζθ, (42)

and 

πµν = −2ησµν, (43)

ζ,η ≥ 0for , Eq. (36) reduces to 

∇µJµEC =
ζθ2+2ησµνσµν

TEC
≥ 0. (44)

∇µJµEC

This result  resembles the standard formula for  bulk- and
shear-viscous entropy  production,  but  its  physical  con-
tent  differs  from  the  law  of  entropy  increase  unless
Eq. (16)  can  be  established.  In  general,  neither  con-
stitutive relation is available, and the sign of  is un-
restricted. 

C.    Worldtube ECEP balance
The local ECEP evolution equation can be integrated

Equilibrium-Completion Entropy Potential: A Measure of Thermalization Capacity in Cosmology Chin. Phys. C 51, (2026)
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Di ⊂ Σi

D f ⊂ Σ f B mµ

B
dΣ3

B

over a  finite  spacetime  region  to  obtain  a  covariant  bal-
ance  relation  for  the  finite-domain  ECEP defined  in  Eq.
(18).  Consider  a  finite  spacetime  worldtube W bounded
by  an  initial  spacelike  domain ,  a  final  spacelike
domain , and a timelike side boundary . Let 
denote  the  outward-pointing  unit  spacelike  normal  to ,
and  let  be  the  proper  three-volume element  induced
on .  We  define  the  accumulated  boundary  ECEP  flux
by 

ΦEC ≡
∫
B

JµECmµ dΣ3, (45)

ΦEC > 0with the  sign convention that  denotes a  net  out-
ward ECEP flux through the worldtube.

JµECApplying  the  covariant  divergence  theorem  to ,
and  choosing  the  orientations  of  the  initial  and  final
spacelike  boundaries  consistently  with  the  finite-domain
definition (18), gives 

PEC[D f ,Σ f ]−PEC[Di,Σi] =
∫

W
∇µJµEC dV4−ΦEC, (46)

dV4where  is the proper spacetime volume element. This
expression  gives  the  general  worldtube  ECEP  balance:
the  change  in  the  finite-domain ECEP  equals  the  integ-
rated  local  ECEP  response  within  the  worldtube  minus
the net ECEP carried outward through its timelike bound-
ary.

If the local ECEP identity (36) applies throughout W,
the bulk term may be written explicitly as 

PEC[D f ,Σ f ]−PEC[Di,Σi]

=

∫
W

(pEC− pact)θ−πµνσµν
TEC

dV4−ΦEC. (47)

JµEC = sECuµL
Two suitable choices of domain eliminate the bound-

ary term. First, since , the boundary flux van-
ishes pointwise if 

uµLmµ = 0 on B. (48)

This  condition is  naturally  realized by a  Landau-comov-
ing worldtube,  whose  timelike  side  boundary  is  gener-
ated by transporting an initial spatial boundary along the
Landau flow.  Second,  in  a  fully  periodic  numerical  do-
main, opposite faces are identified and the corresponding
ECEP  fluxes  cancel  pairwise,  so  the  net  boundary  flux
vanishes.

∇µJµEC = 0If  the  ECEP  current  is  locally  conserved, ,

∇µJµEC

then  the  finite-domain  ECEP  is  conserved  for  any
worldtube  with  vanishing  boundary  flux.  In  general,  the
sign  of  is  not  fixed.  Therefore,  the  finite-domain
ECEP is  neither  a  conserved  charge  nor  associated  with
any principle of monotonic increase. 

D.    Resolved-hard decomposition and matching
The worldtube balance derived above is, in principle,

an exact  relation.  However,  if  insufficient  closure  rela-
tions  are  available  for  the  components  of  the  stress-en-
ergy tensor, its predictive power is severely limited. With
this in mind, we describe a spacetime region as resolved
if the evolution of the stress-energy tensor in that region
can be predictively closed. For example,  predictive clos-
ure may  be  provided  by  controlled  hydrodynamic  con-
stitutive  relations,  kinetic  equations  [51],  or  directly
evolved field equations. Conversely, we describe a space-
time  region  as  hard  if  the  adopted  description  does  not
provide a controlled closure for the subsequent evolution
of the stress-energy tensor1). The resolved–hard classific-
ation is not necessarily determined by whether the states
involved  are  close  to  LTE.  A  strongly  nonequilibrium
configuration can  still  be  resolved  if  sufficiently  com-
plete dynamical equations are solved.

For  strongly  supercooled  first-order  cosmological
phase transitions, this distinction has a natural realization.
Within a  reduced  description,  the  approximately  homo-
geneous  false-vacuum  region  is  typically  resolved,
whereas  the  bubble-wall  neighborhood  and  strongly
nonequilibrium regions  behind  the  wall  are  natural  can-
didates  for  the  hard  region.  In  these  regions,  coherent
field  configurations,  relativistic  flows,  and  nonthermal
particle distributions may invalidate the adopted closure.
This assignment  is  not  intrinsic:  with  sufficiently  com-
plete  field-theoretic  or  kinetic  dynamics  and  adequate
resolution, the  same  regions  may  instead  become  re-
solved.

Ha Ma

For bookkeeping in a finite domain, a hard region can
be  excised  and  represented  by  data  on  a  surrounding
matching surface  placed  in  a  finite  collar  where  the  re-
solved  description  has  already  become  reliable  again.  If
the hard set consists of mutually disjoint connected com-
ponents ,  let  be  the  corresponding  enclosing
matching  hypersurfaces  lying  in  such  resolved  collars.
We define the integrated hard-region ECEP response by 

KEC[Ha;Ma] ≡
∫
Ma

JµEC dΣµ, (49)

with  the  orientation  chosen  to  be  consistent  with  the
worldtube balance.  Equation (46)  then takes  the  form of
the resolved-hard decomposition: 

Chen Zhang, Xin Zhang Chin. Phys. C 51, (2026)

T µν(x)1) We note that ECEP remains well defined in a hard region. If a more complete calculation supplies the actual  inside a hard region and the local conditions of
Secs. 2 and 3.1 are satisfied, the ECEP and the local identity can still be evaluated there.
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PEC[D f ,Σ f ]−PEC[Di,Σi]

=

∫
Ωres

∇µJµEC dV4+
∑

a

KEC[Ha;Ma]−ΦEC, (50)

Ωreswhere  denotes  the  resolved spacetime region within
the  worldtube.  The  components  of  the  computation  that
require additional  dynamical  information  are  thus  incor-
porated  into  the  hard-region  ECEP  response,  for  which
case-by-case studies may be necessary for different types
of typical nonequilibrium processes. 

IV.  Cosmological Phase-Transition Benchmarks
 

A.    Crossover Phase Transitions

θ = 3H σµν = 0 πµν = 0

We first  consider a crossover transition in a spatially
homogeneous  and  isotropic  FLRW  universe  as  a  simple
benchmark  for  the  ECEP construction1).  We work  in  the
ideal equilibrium limit,  in  which  the  local  state  continu-
ously follows  the  stable  equilibrium  branch  as  the  Uni-
verse  expands.  A  cosmological  comoving  observer  then
coincides with the Landau flow. The expansion scalar  is

,  and  exact  isotropy  implies  and .
The local ECEP identity, Eq. (36), therefore reduces to 

uµL∇µsEC+3HsEC =
3H
TEC

(pEC− pact) . (51)

t a

In  a  homogeneous  FLRW  background,  this  relation
can equivalently be expressed in terms of derivatives with
respect to cosmic time , where  denotes the scale factor, 

d
dt

(
a3sEC

)
= a3 3H

TEC
(pEC− pact) . (52)

The above equation already shows that ECEP generation
is associated with the mismatch between the actual mech-
anical stress and the stress in the equilibrium-completion
state,  rather  than  solely  with  a  changing  equilibrium
equation of state.

In an equilibrium crossover, the thermodynamic state
evolves  smoothly  along  a  single  stable  equilibrium
branch, 

T 7−→
{
ρeq(T ), peq(T ), seq(T ), ϕ̄(T )

}
, (53)

ϕ̄(T )where  denotes  a  possible  equilibrium  value  of  the
order parameter at temperature T. Because the actual loc-
al state is assumed to coincide at all times with the stable
equilibrium state  selected by the maximum-entropy con-
struction, 

pact = pEC = peq, TEC = T. (54)

The local ECEP identity then gives 

uµL∇µsEC+3HsEC = 0, (55)

or 

d
dt

(
a3sEC

)
= 0. (56)

seq

In the ideal  equilibrium limit  considered here,  the actual
state  realizes  the  maximum-entropy  equilibrium  state  at
the same Landau energy density; hence, the ECEP dens-
ity equals the equilibrium entropy density  

sEC = seq. (57)

It follows that the comoving entropy is conserved, 

a3seq = const. (58)

Specifically, writing the equilibrium entropy density as 

seq(T ) =
2π2

45
g∗s(T )T 3, (59)

g∗s(T )where  denotes  the  effective  entropic  degrees  of
freedom. Conservation of comoving entropy gives 

ag1/3
∗s (T )T = const. (60)

T ∝ a−1

g∗s(T )
The  temperature  scaling  deviates  from  the  rela-
tion when  varies, but it remains consistent with en-
tropy conservation.

The same result  follows directly  from standard equi-
librium thermodynamics.  In the absence of contributions
from conserved charges, 

dρ = T ds, ρ+ p = T s, (61)

whereas  conservation  of  the  stress–energy  tensor  in  an
FLRW universe yields 

dρ
dt
+3H(ρ+ p) = 0. (62)

Combining these relations yields 

Equilibrium-Completion Entropy Potential: A Measure of Thermalization Capacity in Cosmology Chin. Phys. C 51, (2026)

1) In the Standard Model, both the electroweak transition and the QCD transition at negligible baryon chemical potential are smooth crossovers [52−56].
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T
Å

ds
dt
+3Hs

ã
= 0, (63)

a3s = constand hence . The conventional derivation is val-
id but somewhat abstract.  By contrast,  the ECEP deriva-
tion  makes  the  physical  content  more  transparent.  In  an
equilibrium  crossover,  the  actual  isotropic  mechanical
stress  exactly  follows  the  equilibrium-completion  target,
with  no stress  mismatch to  change the  comoving ECEP.
Eq.  (16)  then  identifies  the  conserved  ECEP  with  the
thermodynamic entropy of the actual equilibrium state.

This observation also clarifies the entropy increase at-
tributed to the electroweak crossover in Ref. [57]. In that
analysis, the Higgs field is  taken to follow the temperat-
ure-dependent minimum of a finite-temperature effective
potential, while the plasma is assumed to thermalize effi-
ciently. Ref. [57] motivates this approximation by assum-
ing  that  oscillations  around  the  minimum  are  rapidly
damped. In deriving its Eq. (2.22), the field is then taken
to track the slowly moving minimum, and its kinetic en-
ergy is  neglected.  Under  these  assumptions,  the  evolu-
tion is intended to describe an equilibrium crossover to a
good approximation. We therefore disagree with the con-
clusion  of  Ref.  [57]  that  the  crossover  itself  produces  a
substantial  increase  in  comoving  entropy.  The  issue  can
be traced to the thermodynamic treatment of the temper-
ature-dependent effective potential.

feq(T )

We now examine the treatment  in Ref.  [57]  in detail
to  identify  the  origin  of  the  discrepancy  in  the  entropy
evaluation.  Let  denote  the  total  equilibrium  free-
energy density. The total thermodynamic quantities satis-
fy [58, 59] 

peq = − feq, (64)

 

seq = −
d feq

dT
=

dpeq

dT
, (65)

 

ρeq = feq−T
d feq

dT
= T

dpeq

dT
− peq, (66)

and 

ρeq+ peq = T seq. (67)

We apply these relations directly to Eqs. (2.20) and (2.21)
of Ref. [57]. Define 

U(T ) ≡ Uϕ
(
ϕmin(T )

)
, ρR(T ) ≡ π

2g∗
30

T 4. (68)

Neglecting the Higgs kinetic term, as in the derivation of
Eq.  (2.22)  of  Ref.  [57],  Eqs.  (2.20)  and  (2.21)  yield  the
total quantities 

ρRef = U +ρR, ρRef + pRef =
4
3
ρR. (69)

They therefore imply the total pressure 

pRef = −U +
1
3
ρR. (70)

If this  pressure  characterizes  the  equilibrium  state  fol-
lowed  in  the  tracking  approximation,  the  corresponding
total entropy density, energy density, and enthalpy are de-
termined  by  the  equilibrium  relations  above.  Using  the
same approximation as that employed to derive Eq. (2.22)
of Ref. [57], one obtains1) 

seq =
dpRef

dT
=

4ρR

3T
−dU

dT
, (71)

 

ρeq = T
dpRef

dT
− pRef = U +ρR−T

dU
dT
, (72)

 

ρeq+ peq = T
dpRef

dT
=

4
3
ρR−T

dU
dT
. (73)

U +ρR

4ρR/3

s = (ρ+ p)/T

Comparison  with  the  expressions  used  in  Ref.  [57]  is
straightforward. Equation (2.20) of that work uses 
for  the  total  energy  density  rather  than  the  expression
above,  whereas  Eq.  (2.21)  uses  for the  total  en-
thalpy.  The  underlined  terms  are  therefore  precisely  the
equilibrium contributions that are absent from Eqs. (2.20)
and (2.21) of Ref. [57]. Similarly, using , as
in Ref. [57], gives 

sRef =
ρRef + pRef

T
=

4ρR

3T
. (74)

seqThus,  the  underlined  contribution  in  is  also  absent
from the entropy density employed there.

The  consequences  of  these  omissions  can  be  traced
directly  through  the  FLRW  energy  equation.  When  the
equilibrium terms are retained, 

0 = ρ̇eq+3H
(
ρeq+ peq

)
. (75)

Substituting  the  above  expressions,  without  combining

Chen Zhang, Xin Zhang Chin. Phys. C 51, (2026)

g∗ g∗(T )

dρR/dT = 4ρR/T

1) Ref.  [57]  uses  different  values  of  in  different  temperature  regimes,  but  the  temperature-derivative  contribution  arising  from  is  not  retained  in  its  Eq.
(2.22).  Threshold-induced modifications  to  the  temperature  evolution are  therefore  explicitly  set  aside there.  Accordingly,  within  the  interval  considered,  we use the
same differential approximation below, .
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the underlined terms, yields 

0 = ρ̇R+
dU
dT

Ṫ +
d
dt

Å
−T

dU
dT

ã
+4HρR−3HT

dU
dT

= ρ̇R+
dU
dT

Ṫ−dU
dT

Ṫ−T
d2U
dT 2

Ṫ +4HρR−3HT
dU
dT
.

(76)

ρR ∝ T 4Under the same relativistic approximation, ; hence 

ρ̇R = T
d
dt

Å
4ρR

3T

ã
, 4HρR = 3HT

Å
4ρR

3T

ã
. (77)

The FLRW energy equation can therefore be written as 

b0 = T
d
dt

Å
4ρR

3T

ã
+

dU
dT

Ṫ−dU
dT

Ṫ−T
d2U
dT 2

Ṫ

+3HT
Å

4ρR

3T

ã
−3HT

dU
dT
.

(78)

(dU/dT )Ṫ
U(T )

−dU/dT

The term , which arises from differentiating the
 term retained in Eq. (2.20) of Ref. [57], is canceled

by the first underlined term when the equilibrium energy
density is  treated consistently.  The remaining underlined
terms are the time-evolution and expansion terms associ-
ated  with  the  equilibrium  entropy  contribution .
Using Eq. (71), the equation becomes 

T
(

ṡeq+3Hseq
)
= 0, (79)

and hence 

d
dt

(
a3seq

)
= 0. (80)

U(T )
Ref.  [57],  however,  omits  all  of  the  underlined  terms
above  while  retaining  itself  in  the  energy  density.
Omitting  the  underlined  terms  from  the  same  equation
yields 

T
d
dt

Å
4ρR

3T

ã
+

dU
dT

Ṫ +3HT
Å

4ρR

3T

ã
= 0. (81)

sRef = 4ρR/(3T )With the entropy density  used in Ref. [57],
this becomes 

d
dt

(
a3sRef

)
= −a3 1

T
dU
dT

Ṫ. (82)

Thus, omitting the underlined terms required for thermo-
dynamic consistency leads to an apparent increase in co-
moving  entropy.  This  contradicts  the  general  derivation
in  Eqs.  (61),  (62),  and  (63)  and  is  also  not  supported,

from an alternative perspective, by the ECEP argument. 

B.    First-Order Phase Transitions
We  next  consider  a  first-order  cosmological  phase

transition as a nontrivial benchmark for the application of
ECEP.  Unlike  the  equilibrium  crossover  studied  above,
the  actual  state  during  a  first-order  phase  transition  may
be strongly  out  of  equilibrium and  spatially  inhomogen-
eous  on  bubble  scales.  Here,  we  restrict  our  analysis  to
the regime in which these inhomogeneities can neverthe-
less  be  coarse-grained  into  a  spatially  homogeneous  and
isotropic  FLRW  description.  This  restriction  is  imposed
for the  analytic  benchmark  below;  the  more  strongly  in-
homogeneous regime discussed in the Introduction would
instead require the resolved-hard treatment of Sec. III.D,
for which solving the hard region remains an open prob-
lem.

Linh

ℓcg

More precisely, let  denote the largest characterist-
ic  scale  of  the  bubble-induced  spatial  inhomogeneities
relevant to the stress-energy distribution. We assume that
there exists a coarse-graining scale  satisfying 

Linh≪ ℓcg≪ H−1, (83)

ℓcg H−1

T
µν

where H is  the Hubble parameter.  We may then average
over  the  bubble-induced  inhomogeneities  using  cells  of
size  that  are small  compared with .  The resulting
effective stress-energy tensor is approximately homogen-
eous and isotropic on cosmological scales. We further as-
sume  that  the  coarse-graining prescription  yields  an  ef-
fective stress-energy tensor  that satisfies 

∇µT
µν ≃ 0. (84)

Qν ≡ ∇µT
µν

−uLνQν/TEC T̄ µν

In  the  analytic  benchmark  below,  the  residual
 is  neglected  at  the  level  of  accuracy  of  the

coarse-grained description. If this residual were retained,
the  right-hand side  of  Eq.  (36)  would  contain  the  addi-
tional term . Hereafter, we treat  as the ac-
tual  stress-energy  tensor  at  the  adopted  resolution.  The
analysis is therefore valid only to the extent that the scale
hierarchy  described  above  exists  and  that  the  coarse-
grained FLRW  dynamics  provides  a  controlled  descrip-
tion to this accuracy.

+ −

As an analytic benchmark, we adopt a bag equation of
state  for  the  equilibrium  thermodynamics  [60]. We  de-
note  the  high- and  low-temperature  phases  by  and ,
respectively,  and  choose  the  vacuum energy  of  the  low-
temperature  phase  to  vanish.  Their  equilibrium  energy
densities and pressures are 

ρ+(T ) = ϵ +a+T 4, (85)
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p+(T ) = −ϵ + a+T 4

3
, (86)

and 

ρ−(T ) = a−T 4, (87)

 

p−(T ) =
a−T 4

3
, (88)

a+ > a− > 0
ϵ > 0

where  characterize  the  relativistic  thermal
contributions, and  denotes the false-vacuum energy
density. The corresponding entropy densities are 

s+(T ) =
4
3

a+T 3, (89)

 

s−(T ) =
4
3

a−T 3. (90)

TcThe  critical  temperature  is  determined  by  the
equality of the equilibrium pressures, 

p+(Tc) = p−(Tc), (91)

which gives 

ϵ =
a+−a−

3
T 4

c . (92)

It is convenient to introduce the dimensionless parameters 

r ≡ a−
a+
, q ≡ 1− r

3
, (93)

so that 

ϵ = qa+T 4
c . (94)

TcAt , the two phases coexist at a common pressure 

pc ≡ p+(Tc) = p−(Tc) =
r
3

a+T 4
c . (95)

The limiting energy densities at the two ends of the coex-
istence interval are 

ρ−c ≡ ρ−(Tc) = r a+T 4
c , (96)

and 

ρ+c ≡ ρ+(Tc) = (1+q)a+T 4
c . (97)

Their difference is the latent heat, 

L ≡ ρ+c −ρ−c = 4ϵ. (98)

ρ−c ≤ ρ ≤ ρ+c
Tc pc

Thus,  the  equilibrium  first-order phase  transition  com-
prises  a  finite  energy-density  interval  at  the
fixed  temperature  and  pressure .  As  discussed  in
Sec. II.B, in the thermodynamic limit this interval is rep-
resented by equilibrium phase coexistence.

ρ

ρ < ρ−c

For a given coarse-grained Landau energy density ,
the  equilibrium-completion  target  is  determined  by  the
maximum-entropy  construction  of  Sec.  II.B.  In  the
present bag  model,  the  corresponding  ECEP  thermody-
namic functions have three branches. For , the tar-
get is the pure low-temperature phase, 

TEC =

Å
ρ

a−

ã1/4

, pEC =
ρ

3
, sEC =

4
3

a1/4
− ρ

3/4. (99)

ρ−c ≤ ρ ≤ ρ+cFor , the entropy-maximizing target is an equi-
librium two-phase coexistence state, 

TEC = Tc, pEC = pc, sEC =
ρ+ pc

Tc
. (100)

λEC +If  denotes  the  equilibrium volume  fraction  of  the 
phase  in  this  counterfactual  coexistence  state,  it  is  given
by 

λEC =
ρ−ρ−c
ρ+c −ρ−c

=
ρ−ρ−c

4ϵ
. (101)

ρ > ρ+cFinally,  for ,  the  target  state  is  the  pure  high-tem-
perature phase. 

TEC =

Å
ρ− ϵ
a+

ã1/4

, pEC =
ρ−4ϵ

3
, sEC =

4
3

a1/4
+ (ρ− ϵ)3/4.

(102)

λEC

+

ρ = ρ±c
sEC(ρ)

The  coexistence  fraction  pertains  only  to  the
counterfactual  equilibrium-completion  target  and  should
not  be  identified  with  the  actual  phase  volume  fraction
during  bubble  nucleation  and  growth.  In  particular,  the
actual Universe  may  still  be  predominantly,  or  even  en-
tirely, in the supercooled  phase while its coarse-grained
energy density already places the ECEP target on the co-
existence  branch.  The  three  expressions  above  match
continuously  at ,  consistent  with  the  regularity  of

 established in Sec. II.B.
We  next  specify  the  actual  coarse-grained  evolution

Chen Zhang, Xin Zhang Chin. Phys. C 51, (2026)
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f (t)
+

ρR

pR = ρR/3

used in this benchmark. Let  denote the actual volume
fraction occupied by the  phase1). We collect all non-va-
cuum contributions  into  a  radiation-like  component  with
energy  density  and  assume  that  its  coarse-grained
pressure  is .  The  total  coarse-grained  energy
density and actual isotropic stress are then 

ρ = ϵ f +ρR, (103)

and 

pact = −ϵ f +
ρR

3
=
ρ

3
− 4ϵ f

3
. (104)

The  conservation  of  stress-energy  in  the  homogeneous
FLRW background gives 

dρR

dt
+4HρR = −ϵ

d f
dt
. (105)

tc ac

Tc

We denote by  and  the cosmic time and scale factor
associated  with  the  critical  temperature ,  respectively,
and define the reduced scale factor A as 

A ≡ a
ac
, A(tc) = 1. (106)

f (tc) = 1 ρR(tc) = a+T 4
cWith  and , the  conservation  equa-

tion integrates to 

A4ρR = a+T 4
c + ϵM4(t), (107)

M4(t)in which  is defined by 

M4(t) ≡
∫ t

tc

dt′
ï
−d f (t′)

dt′

ò
A4(t′). (108)

It is useful to introduce the dimensionless variables 

ρ̂ ≡ ρ

a+T 4
c
, N ≡ ln A, (109)

for which 

ρ̂ = q f +A−4
[
1+qM4(t)

]
, (110)

and equivalently 

dρ̂
dN
= −4

(
ρ̂−q f

)
. (111)

f (t) a(t)
ρ̂(t)

The functions  and , and hence the actual traject-
ory , would be determined by the nucleation, bubble-
growth,  and  energy-transfer  dynamics,  together  with  the
cosmological evolution [2].

tc

ρ̂−q f = ρR/(a+T 4
c ) > 0 dρ̂/dN < 0

ρR > 0 ρ̂(tc) = 1+q

r ≤ ρ̂ ≤ 1+q
ρ̂ < r

f (t)
T > Tc

ρ̂ = q+ (T/Tc)4 > 1+q

For  the  post-  evolution  considered  here,  Eq.  (111)
determines which of the three equilibrium-completion ex-
pressions in Eqs. (99), (100), and (102) is used at a given
time. Since , one has  for

.  Starting  from ,  the  high-energy ex-
pression,  Eq.  (102),  is  therefore  not  used  at  later  times.
The  coexistence  expression,  Eq.  (100),  applies  while

.  For  an asymptotically  completed transition,
the  low-energy  expression,  Eq.  (99),  applies  once .
This classification refers only to the counterfactual equi-
librium-completion  target;  the  actual  phase  composition
is described separately by . If the history is extended
to  the  earlier  equilibrium era  with , Eq.  (102)  ap-
plies there because .

At  the  adopted  coarse-grained resolution,  the  effect-
ive stress-energy tensor is homogeneous and isotropic, so
its  Landau flow coincides  with  the  FLRW flow,  and the
shear and anisotropic stress vanish. Eq. (52) therefore ap-
plies  directly,  with  all  quantities  now  understood  as
coarse-grained effective  quantities.  Since  the  conserva-
tion law in Eq. (84) is imposed only to the accuracy of the
effective description, the same qualification applies to the
ECEP balance here.

VcFor a fixed comoving volume , define 

PEC ≡ a3VcsEC. (112)

Eq. (52) then gives 

dPEC

dt
=

3Ha3Vc

TEC
(pEC− pact) . (113)

Therefore,  the  evolution  of  the  coarse-grained  ECEP  is
determined  directly  by  the  mismatch  between  the  actual
isotropic stress in Eq. (104) and the appropriate equilibri-
um-completion pressure in Eqs. (99), (100), and (102).

tcWe normalize the comoving ECEP to its value at , 

ΠEC ≡
PEC

Pi
, Pi ≡ PEC(tc). (114)

tc +Because the initial state at  is the equilibrium  phase, 

Pi = S i =
4
3

a3
cVca+T 3

c . (115)

Substituting the actual stress from Eq. (104) and the three

Equilibrium-Completion Entropy Potential: A Measure of Thermalization Capacity in Cosmology Chin. Phys. C 51, (2026)

f (t) = e−I(t) I(t)
t I(t)

1) According to the Johnson-Mehl-Avrami-Kolmogorov (JMAK) equation, , where  is the fractional extended volume of true-vacuum bubbles at time
. In an FLRW universe,  can be computed once the bubble nucleation rate and wall velocity are known and the scale-factor evolution has been solved [2].
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equilibrium-completion  branches  into  the  local  ECEP
identity yields 

dΠEC

dN
= 3qA3 f

Å
r
ρ̂

ã1/4

, ρ̂ < r, (116)

 

dΠEC

dN
=

3A3

4
(
r− ρ̂+4q f

)
, r ≤ ρ̂ ≤ 1+q, (117)

 

dΠEC

dN
= −3qA3(1− f )(ρ̂−q)−1/4, ρ̂ > 1+q.

(118)

fAfter  Eq.  (111) is  used to eliminate , these three equa-
tions can be integrated exactly and matched continuously
at the branch boundaries to obtain 

ΠEC = A3r1/4ρ̂3/4, ρ̂ < r, (119)

 

ΠEC =
A3

4
(
3ρ̂+ r

)
, r ≤ ρ̂ ≤ 1+q, (120)

 

ΠEC = A3(ρ̂−q)3/4, ρ̂ > 1+q. (121)

For an idealized, asymptotically completed transition,
we take 

f → 0, A4 f → 0, M4(t)→ M4 <∞. (122)

Eq. (110) then gives 

A4ρ̂ −→ 1+qM4, ρ̂ −→ 0. (123)

−
The  equilibrium-completion  target  therefore  approaches
the pure  branch. From Eq. (119), 

PEC, f

Pi
= r1/4 (1+qM4)3/4 , (124)

PEC, f

−

S f PEC, f = S f

Pi = S i

where  denotes the asymptotic comoving ECEP. We
further  assume  that,  after  completion  and  relaxation,  the
actual  system  asymptotically  realizes  the  phase  as  a
stable equilibrium state.  Denoting the comoving thermo-
dynamic  entropy  of  this  idealized  final  equilibrium state
by ,  equilibrium  consistency  implies . To-
gether with , this yields 

S f

S i
= r1/4

Å
1+

1− r
3

M4

ã3/4

. (125)

Here,  the dependence on the phase-conversion history is
encapsulated in 

M4 =

∫ ∞

tc

dt
Å
−d f

dt

ã
A4(t). (126)

A4 M4The  weighting makes  especially sensitive to phase
conversion  occurring  at  late  times.  Thus,  within  this
benchmark, the final entropy increase depends on the de-
tailed  history  of  the  phase  transition  only  through  this
single weighted moment.

S f ≥ S i

M4

The second law of thermodynamics requires ;
therefore,  we  can  derive  a  constraint  on  from  Eq.
(125): 

M4 ≥ M4,min(r) ≡
3
(
r−1/3−1

)
1− r

> 1. (127)

f (t)
A(t)

Tc f (A) = (A−3− r)/(1− r) 1 ≤ A ≤ r−
1
3

f = 0 A > r−
1
3 S f = S i

f (t)

This, in turn, imposes a constraint on the allowed history
of  the  phase  conversion  and the  scale  factor  evolu-
tion . Equality is reached for reversible phase coexist-
ence  at ,  with  for 
and  for . This corresponds to , which
saturates  the  constraint.  Ultimately,  should be  com-
puted by  solving  the  phase  transition  dynamics  with  in-
puts such  as  the  nucleation  rate,  with  the  above  con-
straint  serving  as  a  necessary  condition  for  physically
realizable phase transition dynamics.

When  the  phase  transition  dynamics  can  be  solved,
the same final entropy ratio can also be obtained from the
conventional  FLRW  energy  evolution  with  equilibrium
thermodynamics1).  The  role  of  ECEP  here  is  primarily
conceptual  and  diagnostic:  even  if  the  intermediate
nonequilibrium  state  does  not  have  a  well-defined en-
tropy,  the  evolution  of  its  entropy  capacity  can  still  be
analyzed  consistently  through  the  phase-coexistence tar-
get stage associated with a first-order phase transition. 

V.  Discussion and Conclusions

In this work, we introduced ECEP to characterize the
thermalization capacity of nonequilibrium states in a gen-
eric curved  spacetime.  This  concept  is  motivated  by  en-
tropy  production  in  a  strongly  supercooled  first-order
phase  transition  in  the  early  universe,  which,  when
pushed  toward  the  boundary  of  a  successful  transition,
can  lead  to  significant  inhomogeneities  due  to  large
bubbles2) and thereby invalidate the conventional use of a

Chen Zhang, Xin Zhang Chin. Phys. C 51, (2026)

1) Related conventional treatments of entropy release and relic dilution in cosmological first-order phase transitions can be found in [21, 61, 62].
2) Large bubbles can induce significant general-relativistic and large-scale inhomogeneity effects [14, 16, 38, 39].
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homogeneous FLRW cosmology. The beginning and end-
point of such a strongly supercooled phase transition are
relatively simple  thermal  states  that  admit  a  homogen-
eous FLRW  background  description,  whereas  the  inter-
mediate  stage  can  be  substantially  more  complex.  The
lack of  a  well-defined global  notion of  energy in  curved
spacetime  [40]  obstructs  a  simple  evaluation  of  entropy
increase  in  such  a  case.  Nevertheless,  for  these  complex
intermediate  states,  one  may  first  characterize  the
thermalization  capacity  locally  via  the  energy  density  in
the Landau frame and then integrate over a finite domain
to characterize the entropy capacity for a specified space-
like region. The essence of ECEP lies in the choice of the
equilibrium-completion  target  using  the  maximum-en-
tropy  principle.  This  makes  ECEP  non-teleological  and
regular across the phase-coexistence stage of a first-order
phase transition.

The central result of this work is the exact local ECEP
identity,  Eq.  (36),  which  is  valid  in  a  generic  curved
spacetime and can be derived using simple thermodynam-
ic  relations  and  the  definition  of  the  Landau  frame.  The
identity also has a clear physical interpretation in terms of
the  response  mismatch  between  the  actual  and  target
stresses. It can be further integrated to obtain a finite-do-
main balance  relation.  If,  on  the  initial  and  final  space-
like  hypersurfaces,  the  ECEP  coincides  with  the  actual
entropy density, as in the case of Eq. (16), this formalism
can in principle be employed to study entropy production
in nonequilibrium  processes  in  curved  spacetime.  Al-
though the  notion  of  entropy  is  not  defined  in  the  inter-
mediate stage, ECEP can help elucidate how the entropy
capacity  is  created  and  realized  continuously  during  the
process.1)

We have applied the concept of ECEP to two canon-
ical examples of cosmological phase transitions. The first
is a  smooth  crossover  transition.  Typical  examples  in-
clude  the  electroweak  phase  transition  and  the  QCD
phase transition in the Standard Model. We use the ECEP
concept to show explicitly how the comoving entropy and
its  capacity  remain  conserved  owing  to  the  absence  of
stress  mismatches,  and  thus  we  disagree  with  certain
claims in the existing literature that significant entropy is
produced during  the  electroweak  crossover.  In  this  ex-
ample,  ECEP  provides  more  physical  intuition  than  the
abstract  conventional  thermodynamic  derivation.  The
second  example  is  a  more  complex  first-order  phase
transition, which features a phase-coexistence stage as the
equilibrium-completion  target.  An  explicit  calculation
can be carried out if we assume that the inhomogeneities
caused by the phase transition are small,  so that we may

S f

S i

still work in a homogeneous FLRW background and use
the coarse-grained effective stress-energy tensor. The en-

tropy  production  factor  can be  obtained  by  integrat-
ing the local ECEP identity in such a case, demonstrating
the self-consistency of the ECEP concept.

How to compute ECEP in the hard region remains an
open  problem.  Here,  the  hard  region  denotes  regimes  in
which simple closure relations for the components of the
stress-energy tensor are absent. It is conceivable that one
may  need  to  consider  typical  nonequilibrium  processes
case by case or rely on numerical methods. However, be-
cause  ECEP is  formulated  locally  from the  outset,  when
the coarse-graining scale  is  too small,  ECEP may fail  to
capture  the  entropy  capacity  for  thermalization  events
that occur much later, when two streams of matter meet.
This  calls  for  an  improvement  or  revision  of  ECEP  that
accounts for such cases, which we leave for future work. 
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A.  ECEP, Thermalization Connectivity and
Conserved Charges

Here, we consider two possible complications that are
not  included  in  the  ECEP  construction  discussed  in  the
main text  but  may  arise  in  certain  theories:  thermaliza-
tion connectivity and conserved charges.

x

τEC

The  thermalization  connectivity  relevant  to  ECEP  is
defined  pointwise.  The  actual  local  state  at  a  spacetime
point  provides the initial data for an auxiliary counter-
factual problem. Within the same underlying theory, this
state is  allowed  to  relax  in  an  auxiliary  Minkowski  set-
ting  over  a  prescribed  equilibrium-completion  timescale

.

x

τEC

τEC

T µνS

A set of retained degrees of freedom is said to form a
thermalization-connected sector S at  if, in this auxiliary
problem, they can establish a common thermal equilibri-
um within .  Degrees of freedom that cannot establish
a  common  thermal  state  on  this  timescale  are  treated  as
belonging to different sectors2). The resulting sector parti-
tion can depend on both the local state and the prescribed

.  In  the  following,  energy-momentum  exchange
between distinct sectors is neglected at the adopted level
of  approximation.  Within  this  approximation,  the  stress-
energy tensor  of each sector obeys 

Equilibrium-Completion Entropy Potential: A Measure of Thermalization Capacity in Cosmology Chin. Phys. C 51, (2026)

sEC(ρ)1) As discussed in Sec. II.B,  is continuous and differentiable even when first-order phase transitions are allowed, so its evolution is continuously character-
ized by Eq. (36). This is why we say "the entropy capacity is created and realized continuously". For a finite domain, the sign of the endpoint change is determined by
the full ECEP balance and may also depend on the boundary flux.

2) A hidden sector that interacts very weakly with the Standard Model [63−69] is a canonical example.
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∇µT µνS = 0. (A.1)

After the thermalization-connected sectors have been
identified, the  ECEP  construction  is  performed  separ-
ately  for  each  sector.  Assuming  that  the  stress-energy
tensor  in  sector S has  a  unique  future-directed  timelike
Landau eigenvector, we define 

T µνS uS ν = −ρL,S uµS , uµS uSµ = −1, (A.2)

and introduce 

hµνS = gµν+uµS uνS , pact,S =
1
3

hSµνT
µν
S , (A.3)

 

πµνS = hµS αh
ν
S βT

αβ
S − pact,S hµνS . (A.4)

ρL,S

pact,S πµνS

Here,  is the Landau-frame energy density of the sec-
tor,  whereas  and  are, respectively, the isotropic
and traceless anisotropic components of its actual spatial
stress.

τEC

Conserved  charges1) may impose  additional  con-
straints. A precise characterization also requires consider-
ation of a pointwise auxiliary problem. For a given sector,
an additive  global  charge  is  retained  as  an  active  con-
served charge if it  is either strictly conserved or changes
by a  negligible  amount  during the  counterfactual  relaxa-
tion over .  If the corresponding charge-changing pro-
cesses  act  sufficiently  strongly  on  this  timescale,  that
charge is not retained as an independent constraint on the
equilibrium-completion target.

τEC

τEC

τEC

The  timescale  also determines  whether  a  meta-
stable phase  should  be  left  during  the  auxiliary  comple-
tion.  A  sector  may  reach  a  common  temperature  within

,  whereas  the  phase-conversion  timescale  may  be
much longer. In this case, the metastable phase is kept as
an  effective  constraint  in  the  completion  problem.  If
phase conversion can occur within , the stable phase is
included in  the  admissible  set.  The entropy maximum is
then evaluated  over  the  states  allowed  by  these  con-
straints.

JµA,S
Let A label the independent conserved charges of sec-

tor S, and let  denote their currents, which obey 

∇µJµA,S = 0. (A.5)

In the Landau frame of the sector, we write 

JµA,S = nA,S uµS + jµA,S , (A.6)

with 

nA,S = −uSµJ
µ
A,S , uSµ jµA,S = 0. (A.7)

jµA,SThe  spatial  current  does  not  necessarily  vanish  and
represents charge transport with respect to the Landau en-
ergy flow.

ρL,S {nA,S }

The definition of the equilibrium-completion target is
based on the partition into sectors determined by thermal-
ization connectivity and the active conserved charges. In
each sector, this target is the maximum-entropy equilibri-
um  state  with  the  same  instantaneous  Landau  energy
density  and active charge densities  as the actu-
al local state. The corresponding ECEP entropy density is
therefore 

sEC,S = sEC,S
(
ρL,S , {nA,S }

)
. (A.8)

TEC,S pEC,S

µEC
A,S

The corresponding temperature , pressure , and
chemical potentials  satisfy 

dρL,S = TEC,S dsEC,S +
∑

A

µEC
A,S dnA,S , (A.9)

and 

ρL,S + pEC,S = TEC,S sEC,S +
∑

A

µEC
A,S nA,S . (A.10)

The  partition  into  thermalization-connected  sectors,
together with  the  active  conserved  charges  and  other  re-
tained  completion  constraints  for  each  sector,  specifies
the  equilibrium-completion  structure  associated  with  the
given  local  state.  Consider  a  spacetime  region  in  which
this  structure  remains  fixed  and  the  relevant  equilibrium
thermodynamic  branches  are  differentiable.  We  define
the  expansion  scalar  and  shear  tensor  of  the  sector's
Landau congruence by 

θS ≡ ∇µuµS , σµνS ≡ hµS αh
ν
S β∇(αuβ)S −

1
3
θS hµνS . (A.11)

The conservation of the stress-energy tensor gives 

uµS∇µρL,S +
(
ρL,S + pact,S

)
θS +π

µν
S σSµν = 0, (A.12)

whereas each active conserved charge satisfies 

uµS∇µnA,S +nA,S θS +∇µ jµA,S = 0. (A.13)

Chen Zhang, Xin Zhang Chin. Phys. C 51, (2026)

U(1)1) We consider only global  charges in this work. Extensions to non-Abelian or gauge charges are more complicated and are therefore not addressed here.
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The ECEP current for sector S can still be introduced 

JµEC,S ≡ sEC,S uµS . (A.14)

Combining the thermodynamic relations with the energy
and  charge  equations  above  yields  the  generalized  local
ECEP identity. 

TEC,S∇µJµEC,S =
(

pEC,S − pact,S
)
θS −πµνS σSµν+

∑
A

µEC
A,S∇µ jµA,S .

(A.15)

The first  two terms on the right-hand side correspond to
the isotropic-stress mismatch and anisotropic stress–shear
terms  discussed  in  Sec.  III.B,  here  restricted  to  a  single
thermalization-connected sector.  The  additional  term de-
scribes the redistribution of active conserved charges rel-
ative to the Landau energy flow. As in the main text, Eq.
(142) is exact in an algebraic sense: once the sector parti-
tion and active conserved charges have been fixed, it fol-
lows from equilibrium thermodynamics and local energy
and charge conservation.

For  multiple  thermalization-connected  sectors,  the
ECEP  remains  defined  separately  for  each  sector.  For  a

Σfinite domain D on a spacelike hypersurface , the ECEP
associated with sector S is 

PEC,S [D,Σ] = −
∫

D
JµEC,S nµ dΣ. (A.16)

The worldtube  balance  in  Sec.  III.C  then  applies  separ-
ately to each sector, with its own ECEP current and local identity.

Σk

Finally, the local differential identity presented above
assumes that the partition into sectors and the set of act-
ive  conserved charges  remain  fixed.  If  either  changes  as
the  actual  local  state  evolves,  the  corresponding  ECEP
branches  should  be  evaluated  separately  on  both  sides,
and any discontinuous contribution must be included sep-
arately in a finite-domain balance. For an isolated change
on a hypersurface ,  we define the corresponding jump
by 

∆PEC,k ≡ P+EC[Dk,Σk]−P−EC[Dk,Σk], (A.17)

Σk

∆PEC,k

where the two values are evaluated using the completion
structures on either side of .  The worldtube balance is
applied  separately  between  successive  changes,  and  the
jumps  are then added to the integrated balance.
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